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Abstract

We study tensor products of reduction maps after restriction to perfect-tensor encodings.
An error-support expansion of the unnormalized Choi matrix accommodates multiple logical
reference parties and arbitrary complex absolutely maximally entangled states. For one logical
party, odd physical length n and 0 < ¢ < 1, averaging orthogonal error families over fixed-size
site subsets gives a completely positive output complement under the sufficient condition
d > 2n/t. The encoded map then has an exact Schmidt-rank sign criterion and optimal
dimension-uniform positivity order [¢t~™]. At t = 1/2, a separate estimate covers d > 2n. For
two logical parties and four physical outputs, the half-parameter map is completely positive
exactly in the admissible dimensions 2 < d < 12. In dimensions d > 13 it is not completely
positive, but is k-positive at least through |2d(d —2)/(d — 6)]. Explicit polynomial-evaluation
codes give failure at rank 9d for every prime d > 43, establishing linear growth up to unmatched
constants for those examples. Code existence, the Schmidt-overlap criterion and the reduction-
map family are prior ingredients. The results retain substantive code-support restrictions and
belong to the completely copositive class.

1 Introduction and scope

Let
O(X) = Te(X)I; — tX, AV} =0 o Ady, Ady(X)=VXV".

The local factors need not be completely positive. We ask how restricting the entire input support
to a perfect-tensor code changes their positivity orders. A map is k-positive if its tensor product
with the identity map on M (C) is positive; k is always a positive integer. Complete positivity
(CP) is equivalent to positivity of its unnormalized Choi matrix.

Our first result treats one logical input of dimension d, encoded into odd length n. The whole
physical output code gives a logical isotropic Choi block. Its complement is controlled by an
elementary averaging inequality for local-error projections. This gives an exact sign criterion in
stated sufficient dimension domains. The claimed dimension bounds are not optimal.

The second result changes the logical input to dimension d? and uses four physical outputs. Its
code block need not be isotropic. Instead, each fixed single-site error space F; is invariant under
the full Choi matrix, which acts there as a scalar. Every vector of that fixed space is maximally
entangled across the logical-physical cut; this is not asserted for arbitrary superpositions across
the sum ran Q). This proves a CP classification and a sufficient positivity order growing linearly
with d. Concrete witnesses give an upper bound of the same growth order for an established MDS
family. The constants and exact first failing rank remain undetermined.

Attribution and relation to earlier tools. Perfect tensors, AME states, quantum secret
sharing and their encoding interpretation are prior [1, 2]. The parametrized reduction products
already occur in generalized state inversion [3]; error bases and their use in descriptions of
positive maps are also established [4]. We use the standard Choi criterion [5] and Schmidt-overlap



optimization [6]. Spectral conditions for k-positive maps were developed by Chruscinski and
Kossakowski [7, Theorems 1-2]. Brannan and Collins [8, Section 4.2, Theorem 4.3] explicitly
construct Choi matrices I — tP from highly entangled subspaces. Mtynik, Osaka and Marciniak
[9, Proposition 3.1 and Theorem 3.2] characterize the threshold for aI — C, C' > 0, through rank-%
compressions and Ky Fan norms of Kraus combinations. Our passage from the entanglement of a
fixed F; to its rank-constrained overlap bound is an application of this established geometry. The
family-specific work is identifying the error spaces and coefficients, controlling the complementary
block and constructing the explicit reference-strip witnesses. These antecedents do not by
themselves evaluate those quantities here; no new general criterion of k-positivity is asserted.
Neither the projection-counting lemma nor the existence of highly k-positive non-CP maps in
general is claimed new. The statements here concern the specific encoded tensor-reduction family,
its error-space bounds and the explicit dimension domains.

Earlier work by the author on three- and five-output encodings motivated this extension. Its
particular small-length formulas are not needed as premises below. This manuscript has its own
proofs and has not inherited the assessment of an earlier PDF. The literature comparison is
directed rather than exhaustive, and no certified worldwide priority is asserted.

2 AME encodings and a common error expansion

Let m > 2,1 <r <m, and n = 2m — r. Suppose a normalized AME(2m, d) state ¥ exists, with
integer d > 2. Every reduction on at most m parties is maximally mixed. Select r parties as
reference R, the other n as outputs O, and write

ar
U=d"2Y |a)gVl]a), V'V =1Ip, P=[U)(T], M=VV*, W=IReI (1)
a=1
No reality, stabilizer or minimal-support assumption is imposed on this universal setup. All
existence statements in the theorems are conditional, except the explicit constructions supplied
later. We use
J = d"(idr @) (P). (2)
The trace multiplier of the map is (d — ¢)™. Division by that number gives a trace-preserving map
when it is nonzero, but it is a physical quantum channel only in a CP regime.
Choose a local operator basis Fy = Iy, Fi, ..., Fp_{ with Tr(FfF,) = ddg, and Tr F, = 0 for
a>0. For S CO,0<|S| <m—1,let Eg project onto vectors obtained by applying a product
of nonidentity basis errors on exactly S to ¥; put Ey = P.

Lemma 1 (Local error geometry). For each fized S, its error vectors are orthonormal, and

d¥ Trg(P) @ Is = Y Er. (3)
TCS

Distinct exact supports S, T give orthogonal spaces whenever |SUT| < m. If0 < |S| <m —r,
then EgW = 0.

Proof. The norm and inner product of two errors on a fixed S are their local Hilbert—Schmidt inner
products against the uniform S marginal. The full basis, allowing identity factors, is therefore
orthonormal; its twirling identity >, FoY F = d Tr(Y')I, tensored on S, proves (3). For distinct
supports whose union is uniform, a site in the symmetric difference contributes a centered factor,
so their inner product is zero.

If |S| < m — r, the joint R, S marginal is uniform. Expansion in reference matrix units gives

Tr Lg

* = ——a T .
For any centered product error, applying W to its error vector thus gives zero. This proves
orthogonality to the entire output-code block, rather than only to W. O



Orthogonality between arbitrary supports is not implied. In particular, the last statement is
not transferred to supports larger than m — r when several parties are used as reference.

Define fy p(z) = jj\io (]]\.[)(—z)j, for 0 < M < N.
Proposition 2 (General expansion). Fort >0, let

0= fomor(t/d),  co=(=1)"SdH S o0 (1/(dE), 0<s<m-—1.

Then )
J=al+ > ¢ Y Es. (4)
=

The expansion has a polynomial interpretation at t =0, where J = 1.

Proof. Expand the tensor product in (2) by the set of sites retained by the identity part of each
factor. If its size is j < m — r, its joint marginal with R is uniform, and its scalar coefficient is
(—t/d)’. These terms sum to al. Every other retained set has a traced complement U of size at
most m — 1. Its contribution is
AUl (—g)n=1Ul Z Eg
SCU
by (3). A fixed S of size s appears in (Z:j) traced sets of size u. Thus its coefficient is
m—1 n—s
C. = AT (=)
ol i e

which is the stated expression after factoring the first term. O

3 One logical party: a linear sufficient dimension bound

In this sectionr=1,n=2m —12> 3,and L =m — 1. Set

f=tor, a=ft/d), h=f(1/@)), b=-t"h
Here ¢p = db. All nonempty error supports in (4) are outside W, so J is an output direct sum
with

L
WJW = aW + dbP, Jouw =a(l —=W)+> ¢ Y Egs. (5)
s=1 |S|=s

Lemma 3 (Averaged orthogonal cover). For1 <s<m —1,
Y Eg < ((m))
|S|=s

(I—W). (6)

S

Proof. For a fixed m-element subset U C O, the s-support error spaces contained in U are mutually
orthogonal by Lemma 1, and are all outside W. Their sum is a projection bounded by I — W.
Sum this inequality over every U. A fixed S appears (Z:‘Z) times. Divide by that multiplicity and

use (M)/(7) = (1)/(7) -

Theorem 4 (One-input hierarchy). Suppose 0 <t <1 and d > 2n/t. Then

41
> — (1 — .
Jout = 564 (I W) (7)
Writing ke = min(k, d), the encoded map is k-positive exactly when
a — ket"h > 0. (8)

Uniformly over all admissible dimensions and encodings in this domain, it is |t~ |-positive. This
uniform integer order cannot be increased.



Proof. Put z = 1/(dt) and u = nz < 1/2. In all coefficient polynomials the absolute values of
successive alternating terms decrease, with first ratio at most 1/2. Consequently 0 < fn a(z) <1
for every needed polynomial. Odd s coefficients are nonnegative, even s coefficients nonpositive,
and

les| < dt"z®.

For 1 < s <m—1, (")) > m. Discarding positive terms and using the cover lemma bounds the
entire negative contribution by

dt™ n dt™
D < — S — hu—1
< Z <S>z < (coshu — 1)

§>2
s even

24n?n—? 12 24
<20t 2R 2 (9)
47 md 4Tm 47
The binomial-to-cosh step uses (Z) < n®/sl. For the next inequality, successive terms of the series
for coshu — 1, after its leading term, have ratio at most u2/12; hence

hu—1< w <22 o<u<i)2
coshu — —— < —u u .
—2(1 —w2/12) — 477 -
For n > 7, L > 3, and the cubic alternating partial sum is a lower bound for a. On
0 <wv < 1/(2n) it decreases, since its derivative is —n[l — (n — 1)v + (n — 1)(n — 2)v?/2] < 0. As
t/d <1/(2n),

a>1+n—1 _(n-=1(n-2) >£7>l

-2 8n 48n? — 336 12
Combining with (9) gives a — D > 7/12 — 24/47 = 41/564. For n = 3 there are no negative
nonempty-support coefficients and a > 1/2. For n = 5, ¢ = —t3/d, while the cover factor is

(5)/() =10/3. Thus a — D > 1/2 — t*/3 > 1/6. This proves (7) in all cases.

Identifying the output code by its isometry, its Choi block is alg2 +b|Qq)(Qql, with Qq = >, |j7).
On unit Schmidt-rank-at-most-k. vectors, the maximum squared overlap with €4 is k.. This
follows from | Tr M|? < k||M||%, with equality at a normalized logical rank-k, projection. Output
projection onto either block cannot increase Schmidt rank. Hence mixed-block vectors are covered,
and (8) is both necessary and sufficient. This is an exact sign test, not a claim about the smallest
strictly positive numerical value across both blocks.

On [0,1/n], f'(x) = —nfn-1,0—1(z) < 0, by the same alternating estimate. Since t/d < 1/(dt),
we have a > h > 0, with strict inequality if ¢ < 1. For K = [¢t~"], Kt" < 1, proving the uniform
order.

For I = K + 1, choose a prime dimension large enough that

2n nl t"l}

d > max{n,l,,

tin—1 (10)

Then a <1, h > 1—n/(dt), and a — [t"h <1 —[t" + nlt""1/d < 0. The MDS construction in
Section 5 supplies an AME encoding in that dimension and the attaining logical projector supplies
a Schmidt-rank-/ negative direction. Thus the uniform order is sharp. O

Proposition 5 (Separate half-parameter domain). At t = 1/2, the exact criterion (8) and
optimal uniform order 2™ also hold for d > 2n. A complement gap is 3/4 when n = 3, and
3/4—2n/2™ > 7/16 when odd n > 5.

Proof. Now nz = 2n/d < 1. For nonempty supports the needed coefficient polynomials are strictly
positive because their first ratio is less than one; their absolute values are at most one. Bounding
each projection separately instead of using (6) gives

4n? 2
D < d2 "(cosh(2n/d) — 1) < —— < ="



using coshz — 1 < 22 on [0,1]. Also a > 1 —n/(2d) > 3/4. For n = 3, the negative part is absent.
The polynomial h is nonnegative and can be zero at n = 3,d = 6; this means b = 0, with no
failure of the criterion. Monotonicity of f on [0,1/n] and a > h give the order 2". Large prime
dimensions as in (10) supply sharp failure at the next order. ]

The gap formulas in Proposition 5 are separate from (7). In particular, numerical bounds
proved only in a smaller domain must not be transferred to a larger one without a new estimate.

4 Two logical parties and four outputs

Take m = 3,7 = 2,n = 4. The input dimension is now d?. Proposition 2 becomes

J =al 4+ coP + c1Q1 + c2Q2, Q=) E; Q=) Ej (11)

1<j

where 4

a=1-— Et, co = d*tt — 4dt® + 6t%, ¢ = —dt® + 32, o =12
The four single-error spaces are mutually orthogonal. Every pair-error space is orthogonal to
every single-error space, since their union has at most three sites. Thus () is a projection,
PQ1 = Q201 =0, and Q2 > 0. Pair-error spaces on disjoint pairs need not be orthogonal; they
also need not be outside the entire output code.

Theorem 6 (CP classification and sufficient order). At ¢ = 1/2, conditional on the AME encoding,
the map is CP exactly for integer dimensions 2 < d < 12. For d > 7 its least Choi eigenvalue is

7T 2 d
Amin(J) == —=—= . 12
(N=1-35-% (12)
For d > 13 it is k-positive at least for every
2d(d — 2)
Ek<Kg=|————"]. 13
<K= | (13)

This last bound is sufficient, not an exact first-failure threshold.
Proof. At this parameter,

d—4)2+8 6—d 1
(]-é—’_>0, cl = —, Coy = —

9
“ =5 @ 8 1

d

For 2 < d <6, every term in (11) is positive semidefinite. For d > 7, ¢; < 0, and
J>al+c1Q1 > (a+cp)l.

This lower bound is attained on every vector in ran 1, whose dimension is 4(d?> — 1) > 0. Indeed
P and Q2 annihilate that space. This proves (12). Its sign is that of —d? + 14d — 16, which is
nonnegative for integers 7 < d < 12 and negative for d > 13.

Every unit vector w in a fixed ran F; is maximally entangled across R|O, with reduced reference
state I;2/d?. To see this for the whole space rather than just a basis, write w as L; ¥, normalized,
with L; any centered complex local operator. The uniform R,¢ marginal gives

Tr(LL;) I

Tro |La0)(Li¥| = ——=2,

The same factor is its squared norm.



For a umit vector z of Schmidt rank at most k. = min(k,d?), the standard overlap bound
therefore gives
k
(z,Biz) = sup |(w,2)]* < —;
weran F; d
wll=1
Since @ is a projection,
(2,Q12) < min{1,4k./d?}.

Discarding the nonnegative P, Qs terms yields
(z,J2) > a+ ¢y min{1, 4k, /d*}. (14)

For d > 13, the integer bound (13) is below d? and makes the right side nonnegative. The
Choi—Schmidt criterion proves the claim. O

5 Explicit codes and a linear upper bound

For a prime d > 2m — 1, evaluate every polynomial p € Fy[z] of degree at most m — 1 on 2m
distinct field points, and set

\de = d_m/2 Z |p(x1),...,p(x2m)>. (15)

deg p<m

This is the established MDS AME construction [2], recalled to specify the witnesses. Any m
evaluations determine p by the Vandermonde determinant. Therefore each m-coordinate tuple
appears once, and the complementary m evaluations distinguish all codewords, removing off-
diagonal terms in the partial trace. Every m-party reduction is I/d". No new existence frontier
is claimed.

For the two-input family use quadratics and points 0, ..., 5, with evaluations 0, 1 as reference.
Let B C F; have h elements and let A project onto reference pairs (rg,r1) with 1 € B, leaving rg
unrestricted. Let F' act on output evaluation 2, with diagonal entries

F0)=d-1, F(z)=-1 (x#0).
It is centered and Tr F2 = d(d — 1).

Lemma 7 (Reference-strip witness). For primed > 7 and 1 < h < d, normalize z = (AQFQ1)¥,.
Its Schmidt rank is hd, and for the Choi matriz at arbitrary t,
4t h d—h
J2)=1— = +3t* |5 + ———| — ht’. 16
Proof. The joint reference—error-site marginal is uniform. The squared norm before normalization
is h(d — 1)/d, and the normalized reference density is A/(hd), proving the rank.

We compute each term of the traced-site expansion of (2) directly. For S of size u, write
Os = (z,(Trs P® Ig)z). Its contribution is d?(—t)*~"#g. Three distinct evaluations determine the
quadratic. Grouping sparse codewords by their untraced coordinates therefore gives the following
values:

u condition d?0g

0 0

1 error site in S h

1 error site not in S 0

2 errorsitein S  h/d

2 error site not in S (d— h)/(d(d — 1))
3 1/d

4 1.



Here is the counting and normalization in detail. With the two reference values retained, the
selected code has hd? words. The inner-product Gram sums of a slice of ¥4 and a slice of z have
common squared-amplitude denominator hd®(d — 1). After the Choi factor d?, their denominator
is hd®(d — 1).

For u = 0, each reference pair has uniformly varying error evaluation, so centering makes the
Gram sum zero. For u = 1, tracing the error site leaves squared integer Gram sum h?d>(d — 1);
tracing another site gives zero by three-coordinate uniformity. For u = 2 containing the error site,
the corresponding sum is h2d?(d — 1). Otherwise, fix the two traced values. The error evaluation
is a nonconstant affine function of the remaining allowed reference evaluation. Its sum over B is
d times the indicator that its unique zero lies in B, minus h. Each possible zero occurs d times
among the d? traced pairs. The squared sum is

d{h(d — h)* + (d — h)h*} = d*h(d — h).

For u = 3, the squared sum is hd?(d — 1), since three physical values identify the codeword. For
u = 4, it is hd®(d — 1): each selected reference pair has d codewords, and full output tuples
distinguish them. Dividing by the common denominator gives the table. Its multiplicities are 1
for each single site, three pairs of each kind, four triples and one full set. Summing gives (16). [

Theorem 8 (Linear scaling, with unmatched constants). For every prime d > 43, the two-input
MDS encoded map at t = 1/2 is Ky-positive as in (13), but is not 9d-positive. Thus its greatest
positivity order grows linearly with d, between bounds with different constants.

Proof. The lower bound is Theorem 6. Put h =9 in Lemma 7. Its rank-9d vector gives

—d? + 45d — 92
= d > 43).
(z,Jz) Sdd—1) <0 (d>43)

Indeed the numerator is —6 at d = 43, and decreases thereafter. Since K4 = 2d + O(1) and failure
occurs by 9d, the two bounds have the same linear growth order, without determining the exact
coeflicient or first failing rank. O

For d = 43, the input dimension is 1849, the guaranteed order is 95, and the rank-387 witness
has Rayleigh value —1/2408. For d = 13, a unit single-error vector has Schmidt rank 169 and
value —3/104, while the universal sufficient order is 40. A separate nested-reference search finds a
rank-164 negative vector with value —3/4264 in that particular search family. No global first-failure
claim is made from that search.

6 Original-slot form, copositivity and limitations

For a physical coefficient matrix C, define

@t (C) = D ()19 Trs C| 3.
$CO

Its row-vectorized Gram is the product of local matrices I —t|Q24)(€24|, after regrouping tensor
factors. If C' = V B, compressing its first index gives Jy 4, not generally Jy ;. Indeed its coefficients
use meg, whereas the Choi coefficients use Vaan; all matrix-unit coefficients of ®; are real.
Conjugating the coefficient vector restores the usual Choi form and preserves norm and Schmidt
rank. Also rank(V B) = rank B and ||V B|r = ||B|lr. Adjoint symmetry ¢q(C*) = ¢(C) treats
the opposite whole-support convention. These facts do not extend either theorem to a physical
support containing just one specified code vector.

For 0 <t <1, the partial transpose of the local Choi matrix is I —tFiyap > 0. Thus every local
factor is completely copositive, and so is its tensor product followed by an isometric input encoding.
These maps belong to the known trivial tensor-stable class [10]. We have not constructed nontrivial



tensor-stable positive maps, settled unrestricted Werner distillability, or justified tensoring merely
k-positive maps outside CP.

The general one-input dimension domains are sufficient; omitted dimensions are not decided
here. The two-input CP classification is conditional on code existence and concerns ¢ = 1/2.
Its lower positivity order and explicit upper witness rank do not match. No efficient physical
implementation, new AME construction or general advantage over standard positive maps is
established. The relevance is the structure of these encoded reduction products and the bounds
proved for them.

7 Reproducibility and responsibility
The accompanying author scripts use rational arithmetic and finite-field evaluation counts:

e linear449-controls.py checks 360 scalar and combinatorial cases for the linear-dimension
argument; these are not full Choi-matrix tests.

e two-input45l-controls.py checks coeflicients, signs and sufficient orders for 299 integer
dimensions.

e two-input4b2-sparse.py constructs sparse MDS states at d = 7,13, checks every three-
party marginal, and evaluates all 16 physical trace subsets by exact prime cyclotomic sums.
It reproduces the Choi value —3/104 at d = 13.

e two-input452-rank-search.py checks 169 nested reference projections at d = 13; the first
negative vector within that family has rank 164. This search does not establish optimality.

e two-input453-strip.py evaluates five concrete reference-strip cases by weighted integer
Gram contractions, checking every entry of the table in Lemma 7; its d = 43, h = 9 result is
exactly —1/2408.

The proofs, rather than these finite controls, support the universal statements. The scripts are
author checks, including two distinct computational formulations, not an independent referee
audit or a formal proof.

AT and responsibility disclosure. The named author directed substantial OpenAl Codex
assistance in derivation, writing and numerical work. A completed GPT-6 Astra xhigh review of
draft 1 examined the combined manuscript, reconstructed its arguments and performed additional
controls. It requested three minor corrections: an explicit parameter domain in the abstract,
comparison with spectral/subspace antecedents and a precise fixed-error-space statement in the
introduction. This draft implements those corrections; its exact PDF has not yet received a
completed follow-up review. The review used a shared filesystem, had no independently attested
runtime isolation and received bibliographic leads from the coordinator. Earlier audits involved
predecessor arguments and reused context; an audit of a different seven-output extension was
interrupted and is not represented as complete. No independent human review, Lean formalization,
certified worldwide originality or predicted assessment score is claimed.
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