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Abstract

A sigmoid is increasing on scalars, yet its bend controls two different geometries.
The classical Schwarzian criterion implies that a negative-Schwarzian activation is not
matrix-monotone of order two. We give a closed logistic formula showing every distinct two-
point Lowner determinant to be negative, a dimension-minimal 2 X 2 positive-semidefinite
perturbation witness certified with interval arithmetic, and the corresponding classical
serial-chain consequence.

Our central link is that the same local invariant determines the leading quadratic onset
coefficient of saturation anisotropy. At a centered inflection of an increasing activation g,
for a sensitivity h, = (¢’)? and isotropic spherically symmetric input X,

E| X|*
kpx(r) =1—qxpSg(0)r* +O(r*),  qx = cl(l|l+”2).

The Gaussian coefficient is the special case gx = 1. The adjacent-point Lowner determinant
is ¢’(0)25¢(0)62/6 + O(63). Negative Schwarzian therefore simultaneously gives local
noncommutative order failure and positive initial radial-tangential anisotropy. We turn
the equality of limits into a finite-scale inequality with explicit constants determined by
derivative suprema and input moments.

For isotropic Gaussian inputs in dimension d > 2, population curvature at a teacher
of norm 7 has one radial eigenvalue and d — 1 equal tangential eigenvalues. For any
nonnegative sensitivity profile h with finite defining expectations, these eigenvalues are
exactly

an(r) = Eh(rz), Br(r) = E[Zzh(TZ)], Z ~ N(0,1),

and, if its zeroth and second Lebesgue moments are finite and positive,

©(0)mg ©(0)ma
ap(r) ~ —F— r) ~ .
h( ) r 5h( ) r3
Thus saturation suppresses magnitude information by two additional powers: the radial—
tangential ratio obeys ap(r)/Bh(r) ~ (mo/ma)r?. For every real p > 0 and h, = o', we
prove strict monotonicity and the unified identities

I'(p)° r? Po P4, pptl)
mo(p) = Kp(r) ~ 501 0) Kp(r) =1+ 57’2 — 35" + TTG +0(r®).
For n samples we prove an explicit two-sided relative Lowner bound for the fixed-teacher
oracle weighted Gram matrix. A conditional-Gaussian lower bound shows that the sample
complexity of this specific loss is sharply

@p(r[d—i— 10g(1/5)]> |
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The factor rd is intrinsic: a tangential off-diagonal column has d — 2 coordinates and
normalized variance of order r/n. We also give a uniform full-dyadic-shell extension and
concrete sufficient constants Cy = 22929 and Cy = 294162. A marked angular-process
lower bound proves that a +/log R penalty is intrinsic for shell uniformity in its stated
iterated limit, although a matching finite-sample chaining theorem remains open. The
weaker bottom-eigenspace target has a different extreme-saturation law: its empirical
projector converges to the normal of the d — 1 samples nearest the transition hyperplane,
with exact angle distribution tan 6 < ||¢||/|G|, matching ©(d3/2/¢) complexity at fixed
nondegenerate confidence, and matching 1/ dependence in the theorem’s stated confidence
range. We then leave the iterated limit: a deterministic hierarchy lemma and half-normal
spacing, Gaussian invertibility and operator-norm bounds yield, with probability at least
1 — 6, an explicit finite-saturation certificate

~ °
HPTbOt — Poc”Op < 94p63-(d o 1)3M5’d’65_2 exp{—?)pT} 7
cin

whenever the right side is below one. Combined with the exact angle law, this gives a
simultaneous finite (r,n,d, €, §) recovery theorem. The rate is deliberately conservative
and does not claim the optimal crossover.

The quadratic saturation law extends beyond Gaussian inputs. If X = RU is isotropic
spherical, ER~! < oo, then

m ER
Kp(r) ~ QRmizr27 Qr = W

Gaussian, fixed-sphere and isotropic Student inputs give respectively Qr = 1, d/(d — 1)
and (v — 2)/(v — 1). For radii with density fr(p) ~ cp® ! at zero, we prove exact leading
constants in all three phases: r~(*t2) for 0 < a < 1, r3logr at a = 1, and 2 for a > 1.
An autonomous Abelian kernel lemma handles the critical boundary, and deterministic
quadrature exhibits all three phases. We also give an isotropic Rademacher counterexample.
These claims refine, but do not replace, prior one-sided and bilateral Hessian results and
recent labeled-estimation theory. Deterministic replays, a fixed-seed finite-sample phase
diagram and an immutable public source record accompany the proofs.

Keywords. single neuron; sigmoid; matrix monotonicity; Lowner order; Schwarzian deriva-
tive; Fisher information; spherical design; weighted sample covariance; finite-sample concentra-
tion.

1 Question, result, and claim boundary

The scalar logistic curve is

1

_ / _1 2
gt o'(s) = 1 sech”(s/2).

o(s)
It is strictly increasing, so larger scalar scores produce larger outputs. We first ask whether
this order survives spectral functional calculus on noncommuting matrices. It does not, at the
smallest possible matrix size and on every interval. We then return to the ordinary teacher
neuron o(w, X) with X ~ N(0,I). There, a perturbation perpendicular to w, rotates the
separating hyperplane, while a parallel perturbation changes its confidence scale and must
be detected through samples near the transition layer. Our goal is to compute both failures
exactly.

The main contributions are:

1. a closed logistic specialization of the classical negative-Schwarzian obstruction, proving
directly that every nontrivial two-point Lowner matrix is indefinite;



2. a dimension-minimal 2 x 2 witness A < B but 0(A) £ o(B), with outward-rounded
eigenvalue certification, and a Léwner-order reformulation of the known serial-composition
consequence;

3. a spherical-input Schwarzian bridge equating the local order defect with the leading
radial-tangential anisotropy, including its exact fourth-moment multiplier gx;

4. an explicit finite-scale bridge bounding the discrepancy between the normalized Lowner
determinant and anisotropy at nonzero (4, r);

5. a profile-generic two-eigenvalue refinement under Gaussian design, with finite-r brackets
and, for every p > 0, closed moments, strict ratio monotonicity and exact endpoint laws
for hy, = o'?;

6. a two-sided relative concentration theorem for the fixed-teacher oracle sensitivity matrix,
with a matching r[d 4 log(1/6)]/? lower bound for bilateral relative Loewner loss, explicit
constants for p = 1,2, an autonomous high-confidence lower-tail lemma, a uniform full-
dyadic-shell extension, and an iterated marked-process lower bound proving that its
angular v/log R penalty is intrinsic;

7. spectral-lexicography theorems for the weaker bottom-eigenspace target: a fully sep-
arated deterministic exterior-power flag lemma, an exact Gaussian-inverse angle law,
matching @(dg/ 2 /e) complexity at fixed nondegenerate confidence, and an explicit joint
finite-(r, n, d, §) certificate for convergence to the selected-sample normal and then to the
teacher direction;

8. a spherical saturation theorem with exact asymptotic radius factor QQr, an elliptical
whitening corollary, and exact constants and a critical logarithmic law for radii regularly
varying at zero; and

9. exact local consequences for stationary fixed-step optimization and estimation, plus a
documented replay sequence of the identities, interval witness, inequalities, and figure.

The matrix-order theorem concerns spectral functional calculus o(A), not entrywise activa-
tion of a vector. The radial theorem is not a claim about deep networks, global optimization,
implicit bias, or arbitrary inputs. Its local coefficient and its large-saturation law extend
from Gaussian to spherical inputs under different, stated moment hypotheses. The two ques-
tions meet at a precise boundary: scalar monotonicity controls neither noncommuting PSD
perturbations nor the conditioning of parameter directions.

2 A sigmoid is not an order-preserving operator

For Hermitian matrices, A < B means that B — A is positive semidefinite. A scalar function
f is matriz-monotone of order two on an interval J if f(A) =< f(B) for every pair of 2 x 2
Hermitian matrices with spectra in J and A < B, where f(A) is defined by spectral functional
calculus. If A and B commute, scalar monotonicity is sufficient because they are simultaneously
diagonalizable. The question is what happens without commutativity.

For distinct x,y € J, define the two-point Lowner matrix

v L@ -1
Li@y) = | 1) - f(y) fc,(y‘;’ ' M
r—y



The fixed-order Léwner criterion says that matrix monotonicity of order two requires L (x,y) =
0 for every pair [1, 2]. The equivalent local criterion Sf > 0 for increasing smooth functions
is classical [3, Lemma 10]; the result below is an explicit logistic specialization, not a new
qualitative matrix-monotonicity criterion.

Cook, Hammerlindl and Tucker define

2
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and study the class xs < 1, including sigmoid activations and serial compositions [4]. If
Dy(z,y) = (f(x) — f(y))/(z — y), then
det Ly(z,y) = Df(2,9)* [xs(z,y) = 1]. (2)

Thus their two-point inequality is algebraically the nonpositive Lowner-determinant inequality.
Our contribution in this subsection is the strict closed logistic identity and the certified matrix
witness, not the underlying Schwarzian/composition mechanism.

Theorem 2.1 (closed logistic two-point determinant). Let

1
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For every x # y, the Léwner matriz Ls, ,(z,y) has negative determinant. Consequently the
logistic activation is not matriz-monotone of order two on any nondegenerate interval.
Proof. Put u = e®@=0) 4 = W=t and r = v/u = e®W=2)  Direct cancellation gives the
exact identity
au? (r—1)>2
L+ w21 +v)? {“ <logr>2} |

For r # 1, write t = log r. Strict convexity of sinh on (0, 00) gives

det L, , (7, y) =

3)

Ir — 1| = 2¢'/?|sinh(t/2)| > €/?|t| = v/r |log 7.

The bracket in (3) is therefore strictly negative. Every nondegenerate interval contains a
distinct pair, so the Lowner criterion completes the proof. ]

This is stronger than finding one bad scale: changing the slope «, shifting the bias b,
or restricting the score range never removes the obstruction. It also identifies the precise
failure. The diagonal entries in (1) are positive, but the divided difference is too large for their
geometric mean.

Proposition 2.2 (dimension-minimal explicit PSD witness). For the standard logistic sigmoid,

T e el

Then A < B but 0(A) £ o(B). At 256-bit outward-rounded Arb precision,

spec(B) C [—0.4901000, —0.4900999] U [0.5100999, 0.5101000], (5)
spec(o(B) — 0(A)) C [-9.9150, —9.9147] 1075 U [0.0047990, 0.0047992], (6)
det(o(B) — 0(A)) € [~4.7583, —4.7581] 10~ 7. (7)



Proof. B — A has cigenvalues 0 and 1/50. If a = 1/2, € = 1/100, and d = (a® 4 2)'/2, then B
has eigenvalues Ay = ¢+ d and
A A Ap) —a(A-
o(B)=ml+n(B—cl), m= M’ n — M.

2 2d
Substitution reduces the three enclosures to scalar exponential and square-root balls. The
replay evaluates them with directed Arb rounding; the negative eigenvalue in (6) proves the
claim. O

The witness is illustrative, while Theorem 2.1 is the proof for every interval. The derivative
form also explains why an indefinite Lowner matrix produces witnesses: for diagonal A =
diag(x,y), the Fréchet derivative in the all-ones PSD direction is precisely the Schur product
with L¢(z,y).

2.1 Serial depth does not repair the order

For a C? function with nonzero derivative, its Schwarzian is

f/// 3 f// 2
Sr=2__°2(2L_}) . .
f f/ 2 f/ ( )
The logistic sigmoid and a scaled hyperbolic tangent satisfy
o2
Ssap = —5 Stanh(ax + () = —942. ©)

Corollary 2.3 (serial spectral reformulation). Let F' be a finite scalar composition of positive-
slope affine maps and at least one increasing logistic or hyperbolic-tangent activation. Then
SF < 0 everywhere, and F' is not matriz-monotone of order two on any nondegenerate interval.

Proof. The composition identity

S(fog)=(Sfog)g)*+ Sy (10)

and (9) give SF < 0, since positive affine maps have zero Schwarzian and all derivatives in the
chain are positive. For h — 0, Taylor expansion of the two-point determinant gives

F’(x)Q

det Lp(x,x +h) = SE(z)h* + O(Rh®). (11)

It is negative for all sufficiently small nonzero h. Every interval contains such a pair. O

The corollary restates, in spectral Lowner order, the serial closure proved in the nowhere-
coexpanding framework [4]. It is deliberately about serial scalar chains. It does not cover
sums of neurons, skip connections, multivariate architectures, or entrywise coordinate order.
Its content is that composing more of the same S-shaped bend cannot turn the resulting scalar
function into a PSD-order-preserving spectral activation.

3 Two models, one sensitivity matrix

Write r = ||w,|| and u = w,/r when r > 0. We use two standard observation models.



Squared-output regression. For the realizable population loss

Log(w) = %E[a(wTX) ~o(w! X)), (12)

the residual vanishes at wy, so its Hessian is the Gauss—Newton matrix

Hyq(w,) = E[o’ (w] X)2XXT]. (13)
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The same matrix, divided by a known output-noise variance 7¢, is the Fisher information of

Y =o(w] X)+e, e~ N(0,72).

Bernoulli logistic neuron. If Y | X ~ Bernoulli(o(w, X)), the expected negative-log-
likelihood Hessian and the Fisher information coincide:

Hp(w,) =E[o'(w] X)X X ]. (14)
Both are instances of the sensitivity matrix
Hy(rou) =E[h(ru"X)XXT],  h>0. (15)

The power of the reduction below is that no high-dimensional integration remains.

Amari, Karakida and Oizumi already derived the exact one-unit Gaussian Fisher decompo-
sition for h = ¢2, including the radial-tangential split and the bias block [25]. We do not claim
that decomposition or the squared-output branch as new. For the Bernoulli profile h = ¢’,
Chen and Mazumdar recently identified the same radial and orthogonal Hessian functions and
proved their = and r~! orders in a finite-sample analysis of logistic regression [16]. Their
follow-up proves the minimax norm-estimation rate O(y/73/n) [17]. We do not claim those
exponents or the Bernoulli optimization penalty as new. The purpose of the next sections is to
isolate the profile-generic mechanism, give finite-radius brackets and exact logistic constants,
prove strict monotonicity of both eigenvalue ratios, and connect their small-r coefficients to
the Schwarzian order defect.

4 Universal Gaussian saturation theorem

Let (z) = (2m)"Y/2¢72"/2 and define the even sensitivity moments

m;(h) ::/Rtjh(t)dt (j=0,2,4),

whenever finite. Evenness of h is not needed for the spectral reduction or leading asymptotics,
but it holds in our sigmoid applications and makes the interpretation symmetric.

Theorem 4.1 (exact spectrum and finite-r brackets). Let d > 2, X ~ N(0,1y), r > 0,
u€ S, and let h: R — [0,00) be measurable with E[(1+ Z?)h(rZ)] < co. Then

Hy(r,u) = ap(r)(I —uu') + Bu(r)uu’, (16)

where

ap(r) = Eh(rZ), Bu(r) = E[Z%h(rZ)], Z ~ N(0,1). (17)

If mg, ma < 00 and are positive, then

ap(r) ~ #(0)mo B (1) ~ #(O)ma kp(r) = on(r) ~ 102 (18)

ro r3 © Bulr)  ma



If mg, mo, my < 00, the following nonasymptotic brackets hold for every r > 0:

2O (1ny — 72) < apr) < 200, (19)
5 (- ) < e < £ )

Negative lower endpoints are interpreted as valid but uninformative bounds.

Proof. Decompose X = Zu + Y, where Z ~ N(0,1), Y ~ N(0,I —uu'), and Z,Y are
independent. The mixed terms vanish and EYY " = I —uu', giving (16)—(17). Changing
variables t = rz gives the exact one-dimensional formulae

an(r) = 9”59) /R h(t)e P/ a, By (r) = ‘Pﬁg) /R £2h(t)e /) gy, (21)

Dominated convergence proves (18). Finally, 1 — 2 < e ™ < 1 for > 0 inserted into (21)
proves (19)—(20). O

5 Spherical saturation beyond Gaussian design

The Gaussian density at the transition hyperplane is not the essential constant. Let X = RU
be spherically symmetric, where U is uniform on S9! and independent of the radius R.
Isotropy is exactly ER? = d. Write

L T(d)2) _ ER
“TET@-nR) T @ DERT

Theorem 5.1 (spherical saturation with exact asymptotic constants). Let d > 2, R > 0
almost surely, ER? = d and ER™' < oco. Let h > 0 have 0 < mg,mg < co. For d = 2,
additionally assume h(t) < Ce~%"; no additional condition is needed when d > 3. Then

cdER mo

1m2

ap,x(r) ~ T 1 Bhx(r) ~ cdER™ B (22)
A (r) ~ Qe (23)

For h, = o' and every p > 0,
_@r_ o (24)

fip,x (1) ~ 291 (p)

Proof. Put T = u'U. Its density is cg(1 — t2)(d_3)/21(,1,1)(t), and conditional on T' =t every
unit transverse coordinate has second moment (1 — #?)/(d — 1). Changing variables s = rRT
gives the exact identities

c
rap x(r) = d—dlE

§2 1\ (@172
1— 2
R |S|<rRh(s) ( T2R2) ds|, (25)

1 ) 2 N -9/
R~ /|s|<TRS h(S) (1 — W) ds| . (26)

The first integrand is dominated by Rmg. For d > 3 the second is dominated by R 1ma.
For d = 2, splitting its inner integral at |s| = rR/2 gives a uniform bound from exponential
localization; the boundary contribution is bounded by a constant times (TR)36_‘"’R/ 2. Domi-
nated convergence proves (22). The ratio and the identity mo(p)/me(p) = 1/[2¢1(p)] prove
the rest. O

7’36]17)( (T) = CdE




The factor Qg is the conditional transverse variance on the transition hyperplane. It is
distribution sensitive and satisfies 0 < Qr < d/(d — 1). Three closed examples are

isotropic spherical law radius Qr
N(Ov Id) Xd 1
uniform on v/dS%! Vd d/(d—1)

isotropic Student t,, v >2 Vv —2x4/x, (v —2)/(v—1)

The last line follows from the adjacent chi-moment identities. If X = AS with A invertible
and S isotropic spherical, then exactly

Hy,x(w) = AHps(||ATw]|, ATw/| ATw])AT.

Thus the theorem transfers to elliptical inputs after whitening; in Euclidean coordinates it is
a generalized eigenvalue statement relative to AAT, not generally a literal radial-tangential
eigendecomposition.

We now make the inverse-radius boundary exact. The following elementary Abelian lemma
is the only transition calculus needed. It is stated separately so that the critical logarithm and
its coeflicient can be checked without appealing to an unnamed regular-variation theorem:.

Lemma 5.2 (spherical transition kernel). Let d > 2, let h : R — [0,00) be bounded, and
suppose 0 < my = [ s2h(s)ds < co. For q > 0 define

1
Janla) = [ Ehlat)(1 - )09/t
-1

When d = 2, additionally assume h(s) < Ce sl no extra condition is needed for d > 3. Then
q3Jd7h(q) — ma, / qQJd,h(q) dg ~ maylogx. (27)
0

For every 0 < a < 1, writing Ma11(h) = [3|s|*"'h(s)ds, one moreover has

> . 1 (1—a d—1
/0 " Jgn(q)dg = 2B< 5 ,2) May1(h) < 0. (28)

Proof. For d > 3, the change s = gt gives

q 5 32 (d-3)/2
qud’h(q) = / sh(s) (1 — 2) ds.

—q q

The integrand is bounded by s2h(s) and converges pointwise to it, proving the first limit by
dominated convergence. For d = 2, split the last integral at |s| = ¢/2. Dominated convergence
applies on the inner part, while the outer part is O(g®e~*%/2) after returning to the ¢ variable.
The same split gives Jo 5 (q) = O(¢3). Hence in every dimension ¢®Jy,(q) = ma/q + o(q™ ),
whose logarithmic integral proves the second limit. For (28), Tonelli’s theorem and s = |t
give

[e’e) 1
/ ¢ Ta (@) dg = My (h) / 1o(1 — 2)(@-3/2 gy
0 0

_ 13<1‘“,d_ 1) M1 (h).

2 2 2

Boundedness of h controls the origin, while My41(h) < oo follows from a + 1 < 2 and the
assumed second moment. This also proves finiteness directly. O



Theorem 5.3 (exact three-phase inverse-radius boundary). Let d > 2, X = RU be isotropic
spherical, and let the positive radius have a density satisfying

fr(p) = cp* (1 +0(1)) (pl0), ¢>0,a>0, (29)

and ER? = d. Let h: R — [0,00) be bounded with 0 < mg, ma < co; when d = 2, additionally
assume exponential localization as in Lemma 5.2. Put

_ ¢ER cch 1—a d—1
2 7 2

No assumption on the density away from zero is imposed beyond the displayed isotropic second
moment. Then
apx(r) ~ Agprr", (30)

and the radial eigenvalue has the exact three-phase law
Dy.an r@t2) 0 <a <1,
Brx(r) ~ < cgemar3logr, a=1, (31)

caER 'mor™3, a>1.

Consequently
(Agn.r/Daan)r®™, 0<a<l,
ER mo 1"2
kX (1) ~ 4 (d = 1)emy logr’ a=1 (32)
ER mo o

7(d—1)]ERflm72,r s a>1.

Thus ER™! < 0o is exactly the quadratic-phase boundary inside the class (29).
Proof. The identity (25) is dominated by Rmy. Since ER < oo follows from isotropy, dominated

convergence proves (30) for every a > 0.
For the radial direction, direct conditioning on R = p and then putting ¢ = rp gives

() =5 [ fula/n)aanta) da (3)

Fix 1 > 0 small enough that (29) supplies fr(p) < Cp®~! on (0,7). The contribution of R > n
obeys, directly from (26),

PBE" (r) < Can/n. (34)

For d > 3 one may take Cyj = cymso. For d = 2, the split in Lemma 5.2 proves that q3J27h(q)
is uniformly bounded; hence one may take

Cap = casup ¢°Jo n(q)
q>0
directly.
Suppose first that 0 < a < 1. On ¢q < nr, the integrand of 7%723/c, converges pointwise
to cq®™1Jy5(q) and is bounded by Cq*™1J;,(q). Lemma 5.2 makes this majorant integrable.
Dominated convergence and (34), whose scaled contribution is O(r®~1), yield

o0
rt26, x(r) — CdC/ q“ " Jan(q) dg = Do g .
0



At a = 1, for every € > 0 one may decrease ) so that ¢ — e < fr(p) < ¢+ € on (0,n).
Therefore the small-radius part in (33) is squeezed between ¢ + € times fom q*Jan(q) dg. The
second limit in (27) and the O(1) tail bound (34), followed by € | 0, prove r33/(logr) — cqcma.

Finally, a > 1 makes ER™! < oo: local integrability follows from p~! fr(p) < p®~2, and
the part above any fixed radius is automatic. Theorem 5.1 proves the last line. Dividing (30)
by (31) proves (32). O

For a concrete isotropic family in every phase, let
@ ~ Gamma(a, 1), R=+/d/la(a+1)] Q.

Then ER? = d and ¢ = {I'(a)[d/(a(a + 1))]*/?} 1. Figure 1 evaluates the defining integrals for
a € {1/2,1,2} and normalizes by the constants in (31); it is a diagnostic of all three limits,
not evidence used by the proof.

Three inverse-radius phases (d =3, h=0')
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Figure 1: Exact spherical phase normalizations for d = 3, h = ¢/, and isotropic Gamma radii.
Every curve tends to one under its theorem-specific normalization; the slow approach, especially
in the critical a = 1 regime, is part of the predicted asymptotics. Values are deterministic
adaptive quadrature.

Covariance isotropy alone still does not force any phase law. For independent Rademacher
coordinates, u = e; and even h, one has Hy,(r,u) = h(r)I; and hence k = 1: here X? = 1, all
mixed expectations vanish by sign symmetry, and h(rX;) = h(r).

The radius—direction representation is classical [7]; non-Gaussian reference exponents also
appear in regular-design logistic theory [18]. The contribution here is the exact Qg constant, its
all-p logistic specialization, and the sharp inverse-radius boundary within the stated regularly
varying class, not the spherical representation or the first occurrence of non-Gaussian 7~ /r=3
scales.

6 Spherical and finite-scale Schwarzian bridges

The matrix-order and saturation calculations meet exactly at an inflection point. Gaussian
independence makes the full saturation curve one-dimensional, but it is not responsible for the

10



local bridge: rotational symmetry and suitable moments suffice. The fourth moment identifies
the coefficient below; the stated sixth moment controls its O(r*) remainder.

Theorem 6.1 (spherical local order-anisotropy bridge). Let d > 2 and let X € R? be isotropic
and spherically symmetric with E|| X||® < co. Let g € C5(R) satisfy ¢ > 0 and ¢"(0) = 0. For
p >0, suppose h, = (¢')P has bounded fourth derivative. For u € Sl put Z =u" X and

e}
Hp x (r,u) = E[hp(TZ)XXT] =opx(r)(I — UUT) + ﬂp,X(T)UUT7 Fp,x = Bp%-
p7
Then, with
_ EJX]!
d(d+2)

one has (r) -1 6 det L, (0, )

. Rp, X\T") — qaxp . € ;

lim 2=~~~ — — =— J i

"0 72 axp59(0) g'(0)? 530 62 (35)

In particular, Sg(0) < 0 makes Ly(0,6) indefinite and kp x(r) > 1 at all sufficiently small
nonzero scales. Standard Gaussian input has qx = 1.

Proof. Rotations fixing u force the displayed two-eigenspace form, with

Bpx(r) =E[Zhy(rZ)], o x(r) = —BI(IXI? ~ Z)hy(r2)].

Choose a unit v L u. Spherical symmetry and isotropy give

EZ* = 3¢x, E[Z2(v" X)?] = ¢x.

Taylor’s formula, cancellation of odd terms under X 4 _x , and the sixth-moment assumption
therefore give

qaxhy(0)

9 rT+ O(T‘4)> /Bp,X(T) = hp(o) + MTQ

5 +0(rh).

ap,x () = hp(0) +
Taking the ratio yields rp x(r) = 1 — gxhy(0)r?/hy(0) + O(r?). Since log h, = plogg’ and
g//(o) — 07

O _ g0
hp(0) —~ g'(0)

The adjacent-point expansion (11) gives the remaining equality. O

= pSyg(0).

The equality of limits has a computable finite-scale version. The constants below are
deliberately explicit rather than optimized.

Theorem 6.2 (explicit finite-scale bridge). Under Gaussian input, retain the hypotheses of
Theorem 6.1 and write

a=hy(0), b=h"0), My=I[h{"]e

Choose g > 0 so that

31b| 5My a
St sy (36)
and set )
o 3M4 b 5‘b’M4 2
Ch — 2a + 3 <a> + 4@2 To.

11



For a chosen 6y > 0, put

A=g(0), c=g¢"(0), ds = g (0), M5 = sup g ()],

|| <o
le| |daldo = M58} |Ady|  TAM;55 9
6 T o0’ Po= g3 tap %
Then for 0 <r <ry and 0 < || < o,
‘mp(r) -1 +pSg(O)r2‘ < COprt, (37)
A2Sg(0
det L,(0,68) — 69()52 < Dyl (38)
kp(r) —1  6p det Ly(0,0) 6pD
L St 592 < COpr? + A29|5\. (39)

Thus the order defect predicts anisotropy at finite, independently chosen scales with a certified
error bar.

Proof. Gaussian Taylor remainders give

SMy

b M, 3b
ap:a+§r2+Ra, |Ro| < ?47“4, Bp:a+gr2+R5, |Rg| < rt.

Condition (36) makes 3, > a/2. Subtracting 1 — (b/a)r? before dividing by 3, yields

b 3M, b\?  5lb|My |
< | /== —
< [ 90 +3<a> + 12 ol

f@p—1+gr2

which is (37) because b/a = pSg(0).
Taylor expansion at zero gives
9(%)

d4 - g(O) C o d4
bt AV Ay 24
6 5 Tt
where |R1| < M5|6|*/24 and |Rs| < Mj5|6]*/120. Writing the determinant as A(g'(§) — A) —
2A(V — A) — (V — A)?, with V = (g(8) — ¢(0)) /9, gives (38) with the displayed D,. Finally,
divide (37) by r2, divide (38) by 62, multiply the latter by 6p/A2, and use the triangle
inequality. O

q'(6) :A+ga2+ 5+ Ry, 53+ Ry,

For the standard logistic sigmoid, So = —1/2. Theorem 6.1 therefore predicts the exact
initial coefficient p/2 for every h, = o’P, recovered globally below. Equation (39) strengthens
the conceptual coefficient match into a falsifiable finite-scale comparison.

For a general h, Kk, = ap /B, in (18) is an anisotropy ratio; it is the spectral condition
number only after the eigenvalue ordering is known. The two powers are geometric. At large
r, only a score slab of width O(r~!) remains unsaturated, producing o < r~!. A radial
perturbation carries an additional factor Z2 = O(r~2) inside that slab, producing 8 < r~3.
Both modes are supported by the near-boundary slab; the radial mode is weaker because it
carries the additional Z? factor.

7 All-power logistic saturation laws

For every real p > 0 set h,(t) = o/(t)P. The cases p = 1 and p = 2 are Bernoulli Fisher
and squared-output curvature, respectively, but the analytic law is not restricted to those
observation models. The Gamma transform below is classical generalized-logistic distribution
theory [27, egs. (2.3)—(2.5)]; our use of it is geometric.

12



Lemma 7.1 (closed sensitivity moments for every p > 0). Let 1; denote the polygamma
function of order j. Then

T(p + ik)T(p — ik)

hp(k) := /R e h, (1) dt = ) : (40)
and
mo) = TEL malp) = 2 pmalr), malp) = (12000 + 20a(p))ma(p). (4
In particular,
orofile mo ma ma
hy =o' 1 72/3 74 /15

ho=0"% 1/6 (7%-6)/18 77%/90—27%/3

Proof. With x = ¢,

ajp

hp(t) = At

R 0 ptik—1 . '
hp(k'):/o mdl’zB(p‘i‘Zk,p—lk),
which proves (40). Since h,(t) = O(e"P1), all polynomial moments are finite and differentiation
under the Fourier integral is justified. Differentiating its logarithm at zero gives (loghy,)”(0) =
~2¢1(p) and (log h,) ¥ (0) = 2¢5(p). Since ma = —A(0) and my = hyy” (0), (41) follows. The
table uses the standard integer polygamma values. O

Theorem 7.2 (strict all-power logistic anisotropy). For every p > 0, £,(0) =1, kp(r) > 1 for
r >0, and kp is strictly increasing on (0,00). At the two endpoints,

_ . Pa P4 P+l
rp(r) = 1+ 51 — ot 4 ====r £ 00%) - (1 10), (42)
and 9
i) = 5+ 1 5067 (s 0. (13)

2¢1(p) A1 (p)?
Thus k1(r) ~ 312 /7? and ka(r) ~ 3r? /(7% — 6).

Proof. Normalize the density gp(z) o hyp(rz)e(z). Then 5,(r)/op(r) = E
the derivative on z > 0 of the log likelihood ratio is
ilog hy(r22) _
dz 7 hy(ri12)

VARRI o > 11,

qp,r

—p|rg tanh(rpz/2) — ry tanh(r12/2)] < 0.

Thus the distribution of |Z| under g, decreases strictly in monotone-likelihood-ratio order as
r increases, and its strictly increasing statistic Z2 has decreasing expectation. Hence ap/Bp
increases strictly. At r = 0 isotropy gives one. Lemma 7.1 inserted into Theorem 4.1, with
—t2/(2r") | gives the large-r statement. More explicitly, mg (p) < oo by the
exponential tail, and Taylor remainder bounds for e™% give

ap(r) = = (mo h % + ?Ti + O(T_6)> . Bp(r) = #(0) <m2 - % + O(r‘4)> .

Their ratio yields (43). Finally,

one further term in e

1+3 15p%2 + 15p + 4
hp(t):4p[1_Pt2+P( +3p) 4 p(15p” +15p +4)

4 96 B 5760

6 + O(tg)] :
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For each fixed p > 0, every derivative of h,, is bounded. Taylor’s theorem therefore bounds the
displayed remainder globally by ||h§,8)||oo|t|8 /85 after setting ¢t = rZ, this is integrable in both
ap and B, because the Gaussian has a finite tenth moment. Inserting the Gaussian moments
through EZ® = 105 in the coefficients and taking the ratio gives (42). O

Figure 2 shows the two statistically canonical members of the all-power family. The solid
and dashed curves are direct Gaussian integrals; the dotted curves are the asymptotic constants
n (43).

One tangential law, one radial bottleneck s Profile-generic large-r anisotropy: k = r?
10
—— square loss: h =02
g 107t = Bernoulli Fisher: h =0’
2
>
5 2
2102 o« 1077
o 3
S 1
=} x
g 1073 2
5 £ 10t
£ 3
Z Q2
o 107* 5
2 \
© = square loss: h =02, tangential \
g 10-5 4 == sauare loss: h=0'?, radial \ 10° 4
v === Bernoulli Fisher: h = ¢’, tangential \\
== = Bernoulli Fisher: h =0, radial A
T T T T T T
107! 10° 10! 107! 10° 10!
teacher weight norm r=|w. | teacher weight norm r=|w. |

Figure 2: Exact curvature/information eigenvalues and their ratio. Saturation leaves d — 1
tangential directions at order 7—! but pushes the radial direction to order r~3. The quadratic
condition-number law is not a fitted exponent; it follows from Theorem 4.1.

The cancellation of every p? contribution in the fourth-order ratio coefficient is worth
noting: the full all-power family has the correction —pr?/8, followed by the first nonlinear-in-p
term p(p + 1)r%/16.

8 Finite-sample resolution of the weighted Gram matrix

The population eigenvalues alone do not say when a sample resolves the radial mode. We now
answer that question for the fixed-oracle matrix

iid

Hip () Zh (ru’ X)) XiX;',  X; ~ N(0,1y).

Prior self-concordant analyses already give bilateral constant-factor empirical-Hessian sand-
wiches, including a uniform result for Gaussian logistic regression [19, Eq. (92)]; fixed-point
standardized-Hessian concentration is also available under generic matrix-Bernstein conditions
[22]. Chardon, Lerasle and Mourtada prove a uniform one-sided lower bound for the empirical
Bernoulli Hessian (p = 1) under the sufficient condition n 2 r(d + t) [18, Theorem 6]. We do
not claim the first bilateral concentration or the first finite-sample lower bound. The result
below instead gives tunable two-sided relative error for a fixed teacher, applies to a general
bounded profile and hence every p > 0, separates radial, tangential and cross errors, and

returns an eigenspace angle.
Putm=d—-1,Z=u'X,Y =X — Zu, and W = h(rZ). Define

a=EW, B=EWZ%, ~;=EW?Z¥] (j=0,1,2),

14



and the envelopes
H = ||h] o, K, = sup 22h(rz)?, Ko = sup 22h(rz).
z z
Theorem 8.1 (explicit relative empirical spectrum). Assume 0 < h < H, K;, Ky < 0o, and
a,8>0. Let 0 < § <1 and set
t =log(12/6), up = mlog9+t,

H*t Kt
Sy =nv+ 2nH2’Yot+T, ST =nm + 2nK17175+71,

l2’)/0t Ht 4
e = 74‘37”"‘5( SJUO‘F.HUO), (44)

S+
eR:\/¥+Kﬂ qnz\/T(\/%Jr\/ﬂ). (45)

3n’ n

Then, with probability at least 1 — &, in the radial-tangential basis

satisfies simultaneously

||O aImHop <er, ‘Cn 5| <eg, ||an2 < gn. (46)
Consequently, for
€r €R dn
= —, =+ , 47
En max{ } NG (47)

one has the two-sided relative Lowner bound
(1 —en)Hp(r,u) = Hyp(r,u) < (1+ ) Hp(r, u). (48)

IfG:=a—pF—ep—egr > 0, the empirical matrix has a unique eigenvalue 3 below the tangential
block spectrum, and its unit eigenvector u obeys

~ dn ) q
tan £ < = — < =
an (u,u)_G7 |3 B|_€R+G

Every other ordered eigenvalue differs from o by at most max{er,er} + ¢y.

(49)

Proof. Write
1 1 1
C= oD WYY, ba=—d WiZiYi, o= Wiz,
7 7 K3

Scalar Bernstein controls W — « and, one-sidedly, Y, VVZ-2 < Sar . Conditional on the weights,
for a fixed unit v,

oY WY~ L =Y Wil(GE 1), Gy % N(0,1).

The exact Gaussian moment-generating function gives

<2 fug» W2+ 2Hug
[
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outside conditional probability 2e7“0. A 1/4-net of S™ ! has at most 9™ points and || Al|op <
2Max, in net |V Av|, proving the first bound in (46). Bernstein applied to Wz-Zi2 € [0, K]
proves the radial bound.
Conditionally on the Z;,
W2Z72
bnNN<07 Z’L 7 ’LIm> .

n2

A second one-sided Bernstein bound gives ), WZ?ZZ-2 < S1+ , and the Gaussian norm tail proves
the cross bound. The listed failures total less than 9e~! < 6.

Conjugating ﬁh,n — Hy by H,:l/Q = diag(a~'/?1,,,3~/?) shows that its norm is at
most (47); this is equivalent to (48). If G > 0, then ¢, < Anin(C). Interlacing leaves one
eigenvalue below C. The eigenvector equation and the Schur complement give respectively
tan Z(u,u) < ¢,/G and 0 < ¢,—f < ¢2/G. Weyl’s inequality gives the remaining assertion. [

For h, = o'P, all quantities in Theorem 8.1 are one-dimensional and computable. The
elementary bound o’(s) < eIl gives, for every p > 0,

_ e2 4e~2
H == 4 p7 Kl = p2r27 K2 S p2T2 9 (50)
and, with ¢(0) = (27)~1/2,
©(0) ©(0) 3¢(0)
< < 1
Yo > or 3 71 > 2p3r37 = 2p5r5 (5 )

Indeed, after s = rZ, use hy(s)? < e~ %5l and [, |s[e~2lds = 251/(2p)7*! for j = 0,2, 4.
Corollary 8.2 (effective sample size for every logistic power). Let

[ y— { 3ma(p) ma(p) } .

- mo(p) ~ ma(p)

Forr> R, 0<e<1/2and0 <6 <1, the explicit condition e, < € in (47), with (50)—(51)

substituted, guarantees (48). In particular, for each fired p > 0 there are finite computable

constants Cp, C}, such that

r[d + log(12/0)]
o2

is sufficient and, after increasing C,, if necessary, ey +er < (o — 3)/2. Hence G > (o — 3)/2

and, on the same event,

sin Z (U, u) < C;)(\/d—l—log(l/é) n \/[d—i—log(l/é)]log(l/é))'

n>C, (52)

nr n

Thus the effective number of transition-layer observations is n/r: relative resolution of a
population eigenvalue of order r=3 does not itself require > samples.

Proof. The brackets in Theorem 4.1 and the definition of R, give

w(O)mo(p)’ 5> @(O)mg(p)’ o> (0)mo(p)

2r 213 2r
Insert these and (50)—(51) in (44)—(47). Each relative block term is bounded by a p-dependent
constant times /r[d + log(12/6)]/n+r[d+log(12/8)]/n. The cross term has the same first order.
Increasing a finite constant C), makes their sum at most € and also makes er +eg < (a— 3)/2.
Thus G > (o — )/2 > ¢(0)mo(p)/(4r), and substitution of ¢, into (49) gives the displayed
bound with a finite computable Czlf O

o>
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For the two statistical powers, the conservative majorant used in this proof gives fully
numerical choices:

D R, Cp in (52) €, in the angle bound

1 3.717183 22929 22.479249
2 2153017 294162 52.368963

These are sufficient, not optimized, constants. The explicit-constants replay prints every
intermediate coefficient and checks that the resulting quadratic majorant is at most ¢ for
0<e<1/2.
We next prove that the product scale in (52) is intrinsic for the stated bilateral loss. Choose
any finite a, > 0 satisfying
ma(p)

2
h ds <
/|s|>a,,8 p(8)ds < 16

For r > max{+/ma(p)/ma(p), 4¢(0)a,}, the empty-transition-slab event and Markov’s inequal-

ity give
Pr{Amm(ﬁp,n) < BP2(T)} > %exp (—W) . (53)

Hence failure probability at most 0 < 1/2 requires

1

.
> log . 4
= 4p(0)a, 226 (54)

n
To verify (53), condition on no |Z;| < a,/r. This event has probability at least the exponential
shown; the conditional mean radial entry is at most f3,/4, so with conditional probability at
least 1/2 that entry, and therefore the smallest eigenvalue, is below f3,/2.

The high-confidence half of the matching lower bound is an exact consequence of the next
lemma. Stating it autonomously exposes every constant and removes any dependence on an
implicit moderate-deviation argument.

Lemma 8.3 (explicit Gaussian-product lower tail). Let A; > 0 be iid with 0 < p =EA? < oo
and x = I[?,A;‘-‘/p2 < 00. Let Y;, Y] be independent standard Gaussians, independent of the A,
and put D, = n~ Y0 | A;Y;Y/]. For every e > 0,

3 2ne?
Pr{|D,| > ¢} > Wexp(— P ) . (55)

In particular, if n > 3y, the leading constant is at least 3/80.
Proof. Set T =n"13", A2V, Direct expansion gives

1 3
ET = p, ET? = p? <1 n+§> < p*(1 4 3x/n).

PaleyZygmund therefore gives Pr{T > p/2} > [4(1 + 3x/n)] L. Conditional on (Aj, ¥;)icn,
D,, ~ N(0,T/n). The elementary bound

3 o

20(—xz) > —e™ 7, x>0, (56)

10
then proves (55). For completeness, on 0 < z < 1 use 2®(—z) > 2®(—1) > 3/10; on x > 1 use
the Mills bound ®(—z) > o(x)z/(1 + 22), whose ratio to e~ is increasing from a value larger
than 3/10. O
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Theorem 8.4 (matching lower complexity for bilateral relative Loewner loss). Fiz p > 0.
There are finite constants Rp,cp,5 > 0 such that, for r > Rp, d>3,0<e<1/2 and
0 <6 <9y, the implication

r[d + log(1/6)]

Pr{l—e)H, < Hyp = (1+e)H,} >1-0 = n>c, : (57)
€
holds. At constant confidence the dimension term has the explicit sufficient obstruction
2 d—2 1
mo(2p) 1 ) =  Pr{relative Loewner failure} > —— (58)

16p(0)mo(p)? €2 1152’

provided nyy > H? and the finite-radius moment brackets hold. The displayed coefficient equals

1/[96p(0)] for p =1 and 9/[560(0)] for p = 2.
The confidence constants can be made fully explicit. Define

m0(2p) 4m0(4p) h 1 jou(0)a, K
=St Ky=—— . §¢=_ 1 Onk 59
P S Ome @ T p0)mo(2n)? > (59)

After enlarging ﬁp to ensure r2 > mo(2p)/mo(2p), success necessarily implies the following
bound whenever 0 < § < min{3/80, 5;“3 :

L
n >

pr 3

log . (60)

Proof. Restrict the relative inequality to the m = d — 1 dimensional tangential block C' =
n~ty, W;Y;Y,". Put vo = EW? and Sy = >, W2. Since W < H, Paley-—Zygmund gives

Pr{So > nvyo/2} > 1/8 (nyo > H?).

Conditional on the weights, Tp = >, nyﬁ has second moment at most 353 , so Pr{Ty >
So/2 | W} > 1/12. Conditional on (W, Y7), the remaining d — 2 entries of the first off-diagonal
column of C are Gaussian with common variance Tp/n?. A final Paley-Zygmund bound gives
Pr{x% , > (d —2)/2} > 1/12. Hence, with probability at least 1/1152,

(d— 2)70‘

IC/a— ImHop 2 Sna

The scaled integrals give
0 mo(2p) "
27 20(0)mo(p)?
which proves (58). If nyy < H?, then n = O,(r) and the slab bound (53) supplies a fixed
failure probability after decreasing 9.
For the confidence term, take A = W/« in Lemma 8.3. The finite-radius brackets give

EW? EW*
p = 7 Z LpT, X = m S Kpr. (61)
Indeed, use a < @(0)mo(p)/r, EW? > ©(0)mo(2p)/(2r), and EW* < o(0)mo(dp)/r. 1If
n < 3K,r, the slab bound (53) gives failure at least 5;}9 Thus success for § < 6;}° forces
n > 3K,r, and the last sentence of Lemma 8.3 gives failure at least

3 o 2ns2

— ex .

80 “P\ Ly
This proves (60). Combining it with the dimension bound by max{a,b} > (a + b)/2 proves
(57) with explicit admissible ranges. O
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For reproducibility, choosing a,, by equality in the defining tail condition gives the following
numerical constants. The tiny 5;}" values reflect deliberately crude slab and fourth-moment
bounds; they are proof ranges, not estimates of practical behavior.

P ap L, K, 52‘3

1 6.255617 0.208886 2.578246 1.4661 x 10734
2 3.517898 0.322281 3.817398 6.0017 x 102

The theorem is about the fixed-oracle weighted Gram matrix, not a minimax estimator.
Nor should it be exported unchanged to weaker targets. Direct scalar Bernstein gives an
O,(r/e?) radial-entry upper bound at constant confidence; the empty-slab argument gives
only the fixed-accuracy €,(r) obstruction recorded above. The ordinary bottom eigenspace
behaves differently: in the iterated extreme-saturation limit it is governed by sample order
statistics rather than relative Gram resolution.

The algebraic flag mechanism below is an instance of classical scaled-SVD asymptotics
[8]. The contribution here is its logistic ordering by distance to the transition hyperplane,
the resulting bottom projector, its quantitative finite-saturation resolution, and the exact
stochastic angle law and complexity. We first isolate the two steps that are easy to compress
incorrectly.

Lemma 8.5 (deterministic spectral lexicography). Let z1,...,z, € R%, n > d, and suppose
b=z NNz #0 fork=1,...,d. Let bj(r) > 0 satisfy
be(r) :
—0 (7 <0, (62)
bj(r)

and set Hy, =377, bj(r)xja:jT. If \Mi(r) > -+ > Xi(r) > 0 are its eigenvalues, then for every
k <d,
k
Hr )\k r
[T}, b;(r) k(r)

Consequently the top-k gap is eventually open and, for its projector E,.,

—0. (63)

||E7“,k - Pspan{:vl,...,xk}HOP — 0. (64)

For k =d — 1, the bottom eigenvalue is eventually simple and its projector converges to the
normal of the first d — 1 vectors.

Proof. For a k-subset I = {i; < --- <y} write {§ =z, A--- A z;,. Cauchy-Binet gives

/k\HT = (H bm«)) &rp

\I|=k \i€l

After normalization, the coefficient of Iy = {1,...,k} is one. For I # Iy, if £ is the first index
with i, # ¢, then iy > £ and 4; > j thereafter, so []; b;;(r)/bj(r) — 0 by (62). The sum is
finite, proving the operator-norm limit.

The two largest eigenvalues of /\k H, are A\ --- Mg and Ay -+ - Ag_1Ap+1. Weyl’s inequalities
applied to the rank-one limit show that their ratio tends to zero, which gives the second assertion
in (63) and the eventual gap. Let ¢, span the top exterior eigenspace and g, = &/[|&k||-
Rank-one spectral perturbation gives Py , — Fy.. If 9,1,...,7; are the principal angles
between the underlying k-planes, the Pliicker identity is

k
’<q7',ka Qk>| = H COS ﬁr,j'

j=1
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The product tends to one, hence max; sin?, ; — 0. This maximum equals the operator-norm
distance between the two projectors, proving (64). Orthogonal complements finish the k = d—1
case. O

Lemma 8.6 (inverse of a square Gaussian matrix). Let Y € R™*™ have iid N(0,1) entries,
and let z € R™ be deterministic or independent of Y. Then Y is invertible almost surely and
there exists G ~ N(0,1), independent of z, such that

vtz £ 1 (65)

Proof. Choose a measurable orthogonal Q(z) with Q(z)z = ||z||e1, setting Q(0) = I,,, and
put A = Q(2)Y. The case z = 0 is immediate. Conditional on z, orthogonal invariance
makes A an iid standard Gaussian matrix with a law independent of z; hence A and z are

independent. Write its rows as aj ,...,a, , and measurably choose a unit normal v to rows

) 'm?
2,...,m. Conditional on those rows and on z, G = alTv ~ N(0,1), with a conditional law
independent of z. The system A(Y ~'z) = ||z||e; forces Y ~!z = cv and then ¢G = ||z||. Taking

norms proves (65), including the asserted independence. O

Lemma 8.7 (finite hierarchy perturbation). Letd > 2, m =d—1,n >d, let xy,...,z, € R?,
and let a1 > --- > a, > 0. Put

n
Xo=[r1 - o), Xs=[tmi1 - T, H:Zaixixz—»r,
=1

suppose s = omin(Xo) > 0, and let Py project onto range(Xo)*. If

X 2
n = Am+1 ” >”0p <1, (66)

am, 52

then the bottom eigenvalue of H is simple and
”Pbot(H) *P()Hop < UR (67)

Proof. Write H = A+ R for the sums over ¢ < m and i > m. The kernel of A is the range of
Py, while its least positive eigenvalue is at least v = a,,s. Since R > 0, the second eigenvalue
of H in increasing order is at least v, whereas Rayleigh’s principle on a unit normal v gives
M (H) <v"Rv < v under (66). Thus the bottom eigenvalue is simple. Expanding v in an
eigenbasis ¢; of H and using Hv = Rv gives

| Rv]|?
’Y2

150l <72 D ON(H) (v, q5) <
Jj>2

The left side is the squared distance between the rank-one projectors. Finally R = @41 XX I ,
giving (67). O
Theorem 8.8 (spectral lexicography and exact limiting angle law). Fizp >0,d > 2, n > d,

and u € S* L. Let X; id N(0,1q), Z; = UTXi; and

~ 1 &
H, =~ Z; o' (rZ;PX; X,
7
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Let m be the almost surely unique permutation for which |Zq)| < -+ < |Zzn)|, and put
Vi = span{Xﬂ(l), ey Xy} Almost surely, for every k < d and all sufficiently large v, a gap
separates the top k eigenvalues. If E,.;, denotes that cluster’s projector, then

HET,k_PVkHOp —)0, k= 1,...,d—1. (68)

For all sufficiently large v, the bottom eigenvalue is simple almost surely. Denoting its rank-one
projector by P;’Ot, one has convergence in operator norm,

IPP* = Poollop — 0, Pooi= Pyy . (69)

Write m = d — 1, let Ay = |Zzj], and let ¢ = (Zzq), - - .,Zﬂ(m))T. If 0 is the acute
angle between the range of Pso and u, then the following identity is exact:

tan A 4 ’”g", G ~ N(0,1), G independent of C. (70)

Let cy = +/2/m and c_ = 2¢(1) = cye /2. Form > 2,

/
S TG, (1)
6v/2cyn 2

—_

If n > 4m/c_, then
3/2

am3/
Pr{ 1<l <

c_n

} >1—e 98, (72)

Let 0, be the acute angle between the range of ﬁ;’(’t and w. For d > 3 it follows that, for
0<e<1/2and0<d<c_/2,

671/2 (d _ 1)3/2

lim Pr{sinf, <el>1-0 — n> 73
r—00 { - } - - 24\/§ €d ( )
Conversely, if § > 2e~9m/8 n > dm/c_, and
3/2
> gel/2 74

then the limiting success probability is at least 1 — §. Thus the limiting sample complexity
has matching order ©(m3/2/(e6)) in the displayed confidence range, and ©(d®?/¢) at fized
confidence.

Proof. Order the samples as x; = X,(;) and the weights as w;(r) = o'(rZ;))?. Since
—lsl
e

one has wy(r)/w;(r) — 0 exponentially whenever j < ¢. Almost surely the first d reordered
samples are independent. Lemma 8.5, with b; = w;/n, therefore proves the eventual gaps and
(68)—(69), including the inverse Pliicker step.

Rotate so u = e4 and write X = (Y,Z). Conditional on the entire score vector, the
permutation is fixed while the selected tangential rows remain iid Gaussian. Thus the m x m

matrix Y, with rows YWT(j), j < m, is independent of (. A normal to the selected span is

proportional to (=Y, !¢, 1), so tanfy = ||Y,71¢||. Lemma 8.6 proves (70) with the stated
independence.
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It remains to bound the first m half-normal order statistics. Their distribution function
F(t) =2®(t) — 1 satisfies

Ft)<ecit (£20), F{#)>ct (0<t<1). (75)

For k = |m/2| and t = k/(2¢4n), the count N; = #{i : |Z;] < t} has mean at most k/2.
Markov’s inequality gives Pr{A, >t} > 1/2. Since k > m/3 and at least m/2 of the first m
order statistics exceed Ay, this proves (71). For the other direction take ¢t = 4m/(c_n) < 1.
Now EN; > 4m, and a Chernoff bound gives Pr{N; < m} < e /3. On the complement,
HCH < \/EA(m) < 4m3/2/(0_n), proving (72)

Finally, Pr{|G| < z} > c¢_min{z,1} and Pr{|G| < z} < ciz. Combining the first
inequality with (71) yields, for every 7 > 0,

G\f +nT,

Since sinf < ¢ implies tanf < £/v/1 — 2 < 2¢, this proves (73). For the upper bound, with

3/2
Pr{tanf. > 7} > “mind 2 1Y,
2 2¢c

probability at least 1 — g — e~ 9™/8,
deq mB/?
tan O, < i
c—q n
Set ¢ = §/2 and use ¢, /c_ = e'/? to obtain (74). Almost-sure projector convergence and
continuity of the limiting angle law justify the displayed probability limit. O

The hierarchy can also be resolved before taking a limit. The next result is simultaneous
in all displayed parameters; its constants are explicit but intentionally conservative.

Theorem 8.9 (joint finite-saturation spectral resolution). Use the notation of Theorem 8.8,
put m=d—1 and c; = \/2/7, and define

Mya5 = /n+Vd+/2log(3/9),

_ pro
as(r) = 90w g 2expd - 170} 7

For every 0 < § < 1, with probability at least 1 — 9, whenever 1, q45(r) < 1 the bottom eigenvalue
s simple and R
HRPOt — Pxllop < Mn,a,s(r). (77)

For every 0 < e < 1, (77) is at most ¢ if

3cqn 94PAm MY ; 5
> ’ 78
"= ( £6? (78)
Letc_ =cie V2 Ifd>3,0<e<1/2,
3/2
4eIm/8 < § < 1, n24—m, n23261/2m )
c_ el
and, with M = \/n +/d + /210g(6/5),
6cin 724Pc2 m3M?
> 1 79
r - pé Og< 852 ) ( )
then R
Pr{||PP°® —uu"|lop <} >1—4. (80)
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Proof. Write A(jy = |Zr ;)| and Ay = A(yq1) — Agm)- The exact logistic formula gives

_rA 2p
W1 (1) prag, ((LEETTNT A (81)
Wiy (1) 14 e~ A+ a

Let F(t) = 2®(t) — 1. The variables F(|Z;]) are iid uniform, and the adjacent spacing
D = F(A(m11)) — F(An) has law Beta(1,n). Hence Pr{D <z} =1~ (1 — x)" < nx. Since
F' is c4-Lipschitz,

0 0
PrqA,, > >1——. 82
r{ "= 3c+n} - 3 (82)

Rotate as before. The tangential block Y, of the selected m samples is an independent
standard Gaussian matrix, and O‘min([XW(l) e Xﬂ(m)]) > omin(Yx). For each column y;, let D;
be its distance to the span of the other columns. Deterministically, omin (Ys) > m=1/2 min; D;:
choose the largest coordinate of a least singular vector. Conditionally on the other columns,

D; 4 |G|. A union bound and Pr{|G| < z} < cix give

o 1)

The standard Gaussian operator-norm tail also gives
1)
Pr{l[[X1 - Xulllop < Mnge} =1 - 3. (84)

On the intersection of (82)—(84), insert (81) into Lemma 8.7 with a; = w;(r)/n; the common
factor 1/n cancels. This proves (76)—(78).

For the final claim, apply the first part with failure budget 6/2 and target /2, giving (79).
The event (72) fails with probability at most e~9"/8 < §/4. With another failure probability
at most 0/4, |G| > 6/(4cy), and the exact angle law yields

3/2
tan O < 1661/2% %
)

The triangle inequality for rank-one projectors proves (80). O

The factor m3§=2 in (76) comes from the elementary column-distance proof of (83); sharp
Gaussian invertibility estimates can improve this polynomial factor [9]. The exponential spacing
mechanism and the scale r§/n are unchanged. Thus Theorem 8.9 closes the existence of a joint
finite-parameter regime but does not identify the optimal crossover around r comparable to n.
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Order-statistic angle law (d = 6)
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Spectral lexicography (d =5, n=30)
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Figure 3: Fixed-seed diagnostics for Theorem 8.8. Left: the limiting angular loss follows the
predicted n~! scale at fixed dimension (the theorem gives matching m?®/2 /() complexity
in its stated confidence range). Right: finite-r bottom projectors approach the sample-wise
lexicographic limit; the proof, not this simulation, establishes convergence.

Finite-saturation certificate (d =5, n=30)
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Figure 4: A fixed-sample certificate for Lemma 8.7. The actual bottom-projector error is
bounded by the data-dependent hierarchy ratio ¢, once g, < 1; the closed logistic envelope
replaces the exact adjacent weight ratio by 4Pe~P"2m_ The figure is diagnostic, while the
inequality is deterministic.

The order of limits in Theorem 8.8 remains essential for its exact law and matching
complexity: d,n,p,e,d are fixed while r — oo, and only then are limit experiments compared.
Theorem 8.9 supplies a genuine joint finite-parameter regime by controlling the adjacent
half-normal spacing and selected Gaussian conditioning simultaneously. Its sufficient threshold
is not claimed sharp near the crossover r < n. In particular, an Q(rd) angular necessity cannot
hold uniformly through extreme saturation; it remains the scale of the sufficient relative-Gram
event, not of the weaker bottom-projector target.
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8.1 Uniform all-power sensitivity on a full dyadic shell

The pointwise theorem admits a proof-complete full-dyadic-shell extension at the price of an
elementary covering logarithm. For Gj,(w) = E[h,(w' X)X X "] and its empirical analogue
Gpn(w), set

Bns = Vd+\/2log(2n/8), pza=[d(d+2)*/*, L,=pd7?,
d
©(0)ma(p) 3 . { eby } < 4R)
by =" A s = Ly(B: s+ , p=min{R ——L 5% N=[1+—"F) .
p 16 P,m,0 p( 0 /‘L3vd) n 32Ap7n,5R3 n

Theorem 8.10 (uniform relative sensitivity on a full dyadic shell). Fiz p > 0, R > R,
0<e<1/2,and0<d<1/2. If

24N

then, with probability at least 1 — 9§, simultaneously for every w with R < ||w| < 2R,
(1= £)Gy(w) = Cpn(w) = (1 +)Gplw). (36)

The computable condition is implicit in n only through B, 5; no optimality is claimed for its
covering logarithm.

Proof. Since ||h[|oo < Ly,

lhp(w' 2)zz " — hy(vT2)zz " lop < Lyllw — ||z,

With probability at least 1 —¢/2, all sampled Gaussian norms are at most By, 5. On this event
D, = ép’n — G)p is Ay s-Lipschitz in operator norm. Cover the shell by an 7-net of size at
most N and apply Corollary 8.2 at every net point with error £/8 and failure §/(2N); (85) is
exactly a conservative sufficient condition. On the shell, ApninGp(w) > pr*?’. Moving from a
net point to w therefore changes both D,, and G, by at most (¢/32)A\pninGp(w). For every z,

2" D, (w)z| < [%(1 +¢/32) + 3% ' Gp(w)r < ex' Gp(w)x,
which is (86). The two failure probabilities total at most . O

The logarithm in the preceding elementary net is not quantitatively sharp, but its angular
log R component cannot disappear altogether. The following obstruction is stated in the
iterated regime in which it is proved.

Theorem 8.11 (intrinsic angular logarithm). Fiz p > 0 and d > 2, and define

Log= s | Gyplw) 2 (GCpnlw) = Gplw))Gplw) /2

R<||w||<2R op
There is ¢, > 0, depending only on p, such that
1
lim limianr{EnRZcp l OgR} =1. (87)
R—o0 n—co ’ n

Thus no uniform high-probability inequality of order O,(\/R/n) can hold for every large R and
all sufficiently large n. This does not assert that every logarithm in Theorem 8.10 is necessary.
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Proof. 1t suffices to work in a fixed two-dimensional coordinate plane. Put uy = (cos#,sin6),
vg = (—sin#, cos f) and

Fro(z) = hy(Rug z)(vg )2, TR =

Because ug L vg, PTrp = 1, and the tangential Rayleigh quotient gives

Lnpr> sup (P, — P)TR . (88)

For independent standard normals Z,Y,
PFp o =E[hy(RZ)*Y"] = 3Ehgp(RZ).
The saturation moments already proved imply

3m0(2p)

2 o
2 9= e ()2

1
I Trs > 0. (89)

Transition layers separated by more than their R~! bandwidth have negligible normalized
overlap:

lim limsup sup RP(FroFrge) = 0. (90)
A=00 Rosoo A/R<|0—¢|<r/2

By rotation take § = 0, ¢ = A, write x = (z,y) in the chosen plane, and set s = Rz. The
integral on the left before the supremum becomes

2
// ©(s/R)p(y)hy(s)hy(s cos A + Rysin A)y? (y cos A — %sinA) ds dy.

If A > A/R, then Rsin A > 2A/w. Along every sequence with A — oo, the second profile

tends to zero for almost every y # 0. A constant times ¢(y)h,(s)y?(y? + s?) is an integrable

envelope, so dominated convergence and the sequential criterion for the supremum prove (90).
Choose a fixed sufficiently large A,. For large R, the grid

Or = {jAp/R:0<j < [TR/(24,)]}

has cardinality comparable to R. Equations (89)—(90) show that distinct centered functions

on this grid have L?(P) distance at least cl(,o)\/ﬁ. Sudakov’s minoration for the associated
finite Gaussian bridge therefore gives

Emax Gp(Trp — 1) > CI(JI)\/RlogR.

a,
0cORr

Indeed, uniformly over distinct grid points,

1 1
EH(TR,G —1)— (Tre — V3= E(HTR,eHg + || Trll3 — 2P(TroTre)) > ap

for all sufficiently large R. The maximal variance is at most Cp,R by (89); Borell’s Gaussian
concentration then shows that this maximum exceeds cé”W with probability tending
to one. For each fixed R, the grid is finite, so the multivariate central limit theorem transfers
the statement to {\/n(P, — P)Tre : 0 € Or} as n — co. Taking R — oo afterward and using
(88) proves (87). O
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Theorem 8.11 forces one angular log R in the high-precision iterated limit, but the current
Euclidean net also pays dimension, log(1/¢) and random-envelope terms not covered by the
lower bound. A matching nonasymptotic marked-process lower bound and a chaining upper
bound remain open; the classical kernel laws [20, 21] identify the same scale but do not directly
handle the present nonseparable Gaussian marks.

For p =1, @Ln(w) is exactly the logistic-likelihood Hessian and is label-free. For p # 1 it
is a sensitivity Gram, not that likelihood Hessian. Earlier work proves uniform local constant-
factor sandwiches and an optimal-scale one-sided p = 1 lower bound [19, 18]; the narrower
addition here is a full dyadic shell, all p > 0, and tunable bilateral precision. It is not by itself
an estimator theorem.

Finite-sample resolution (d =12, r=6, 320 repetitions)
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Figure 5: Fixed-seed diagnostic at d = 12, r = 6, with 320 repetitions per sample size. Solid
curves are medians and dashed curves are 90th percentiles. The first three panels display
tangential relative error, ordinary smallest-eigenvalue relative error, and radial eigenspace
angle. The fourth compares the exact empty-slab probability with its simulated frequency;
exact values below 1078 are clipped only in the plot and remain untruncated in the JSON
certificate. The normalization n/(rd) is the sharp scale for full bilateral relative Loewner loss;
the ordinary eigenvalue and angle panels are diagnostics and make no claim that this is their
optimal threshold.

9 What the law costs

9.1 Stationary fixed-step gradient descent

For either logistic profile, assume d > 2 and that one constant scalar step size 7 is reused at
every iteration. At the teacher, the Jacobian of one gradient-descent step is I — nHp,. Its radial
eigenvalue is 1 — nB and its tangential eigenvalue is 1 — na. The best scalar step for this local
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quadratic model is

2 a—p k-1
— , = = ) 91
™=y +p P= +8 k+1 (91)
Consequently — log p, ~ 2/k. For worst-case local error with components allowed in both
eigenspaces, the e-folding iteration count T, := (—log p,)~! therefore has the exact leading
scaling
3 2 3 2
TG,Sq ~ mr B Te7B ~ ﬁr (92)

for the optimally tuned stationary scalar-step linearization. This is not a global iteration
bound or an algorithm-independent obstruction: away from the teacher the Hessian contains
residual terms, and nonstationary polynomial methods can exploit the two-point spectrum.
Indeed, the scalar schedule m =1/, no = 1/ makes (I —mn2H)(I —mH) = 0 in this exact
local quadratic. Natural-gradient or matrix-preconditioned updates can also remove the local
condition number by acting differently on the two eigenspaces.

9.2 Estimation

For n independent Gaussian-output observations with known variance 72, the Fisher informa-
tion is nHp,/72. The Cramér-Rao inequality gives, along any unit tangential vector v 1 u
and the radial vector wu,

2 2

, Var(u' @) > L
nfa(r)
The ratio of the displayed radial lower bound to the tangential lower bound is ka(r). Hence
tangential variance is bounded below at order r/n, while radial variance is bounded below
at order r3/n. The analogous Bernoulli bounds replace hy by hi. The same quadratic ratio
therefore appears in these coordinatewise information lower bounds and in stationary fixed-step
descent, although the latter can be removed by a nonstationary schedule.

Var(v' @) > u

noa(r) (93)

10 Bias and universality

A conventional neuron includes a bias b. At b = 0 the augmented parameter (w,b) has
Fisher/Hessian block
XXT X
e[z (5 7))

For even h, the radial-bias cross term E[Zh(rZ)] vanishes. The bias eigenvalue equals ay,(r),
so the spectrum contains one radial eigenvalue 3, and d tangential /bias eigenvalues ay,. A
nonzero bias preserves the (d — 1) tangential eigenspace but replaces the radial and bias
coordinates by the explicit 2 x 2 block

<E[Z2h(rZ +b)] E[Zh(rZ + b)]> _ (94)

E[Zh(rZ +b)] E[h(rZ + b))

The centered theorem is therefore not an artifact of omitting the bias; it is the diagonal point
of a fully explicit two-coordinate extension.

The exponent two is broader than the logistic curve. Theorem 4.1 shows that any localized
sensitivity profile with finite positive mq and ms has the same 72 anisotropy, with only the
constant mg/me depending on the activation and observation model. Profiles with heavy
sensitivity tails or vanishing second moment fall outside this universality class and can have
different laws.
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11 Relation to prior work

Table 1 states the claim boundary before the detailed discussion.

Prior result

Result here

Exact difference

Fixed-order
Lowner /Schwarzian

closed logistic determinant
and certified 2 X 2 witness

criterion and serial closure

3, 4]

One-unit Gaussian Fisher

split for ¢'2 [25]

Bernoulli exponents and
finite-sample logistic
Hessian bounds

[16, 19, 18, 22]

Scaled-SVD flags [8] and

Gaussian logistic

direction/Hessian theory

spherical local bridge and
Gaussian all-p laws

pointwise and shell-uniform
relative Gram bounds,
matching pointwise
complexity, and an intrinsic
angular log

spectral lexicography, exact
angle law, and joint
finite-saturation resolution

explicit specialization and
certificate; not a new criterion or
closure law

coeflicient cross-identification and
extensions; not a new one-unit
decomposition

tunable precision and all powers;
log obstruction is iterated, not a
matching finite-sample shell
theorem

flag mechanism is classical; logistic
ordering and joint certificate are
the refinement; not labeled

[15, 18, 16, 17] estimation or a crossover-sharp
rate

leading constants and critical
logarithm; not a new spherical
representation or first

non-Gaussian exponent

Classical spherical
representation [7] and
regular-design reference
exponents [18]

exact Qr constants and three
inverse-radius phases

Generalized-logistic Gamma/polygamma transform is classical; the unified
transforms and cumulants moments inside neuronal anisotropy, endpoint laws and

[27, 26] anisotropy monotonicity are the contribution
Lam’s historical v2 Lowner—anisotropy coefficient  different objects and coefficient; no
Fisher—Schwarzian identity claim to the first general

construction [28] Fisher—Schwarzian connection

Table 1: Result-by-result priority boundary.

Lowner matrices characterize fixed-order matrix monotonicity; modern treatments include
Hiai-Sano and Heindvaara [1, 2]. Kozlovski and Sands prove the relevant classical equivalence
between Sf > 0 and order-two matrix monotonicity and record the Schwarzian composition
law [3]. Hence the qualitative logistic obstruction and its serial-chain extension are classical
consequences; negative Schwarzian also implies the all-pair determinant sign through strict
convexity of (f')~1/2. Cook, Hammerlindl and Tucker develop the algebraically equivalent
nowhere-coexpanding inequality, prove serial closure, and explicitly discuss sigmoid activations
and one-dimensional neural compositions [4]. Neural papers have proposed analytic quantum
activations and trainable matrix activations [5, 6], but their objectives are circuit implementa-
tion or matrix-valued parameterization, not preservation of PSD order by the spectral logistic
function. In the primary sources we located, we did not find the closed logistic identity (3), the
explicit certified witness, or the coefficient identity (35) linking the Léwner defect to Gaussian
radial-tangential anisotropy. This is a bounded novelty statement, not a claim that no earlier
source can exist.

Learning one neuron is already a nontrivial optimization problem. Yehudai and Shamir
study when gradient methods learn a single neuron under broad activations and input dis-
tributions, including positive and negative results [10]. Diakonikolas et al. treat monotone
neurons with adversarial label noise and obtain polynomial learners for logistic activations
under log-concave inputs [11]. Wu extends learnability results to nonmonotone activations
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[12], and Vardi et al. show that adding a bias qualitatively changes the ReLU landscape
[13]. Recent single-index work analyzes SGD under anisotropic Gaussian inputs [14]. Under
Gaussian logistic regression, Hsu and Mazumdar study the signal-dependent difficulty of
direction and temperature estimation [15]. Chen and Mazumdar identify the Bernoulli radial
and tangential Hessian functions, prove their =2 and 7—! orders and show tangential curvature
exceeds radial curvature for every nonzero signal [16]; they subsequently prove a minimax
norm-estimation rate of order /r3/n [17]. Ostrovskii and Bach prove a uniform bilateral
constant-factor empirical-Hessian sandwich for Gaussian logistic regression [19, Eq. (92)],
while Fisher et al. give a generic fixed-point standardized-Hessian concentration framework
[22]. Chardon, Lerasle and Mourtada prove, for p = 1, a uniform one-sided empirical Hessian
lower bound under the sufficient condition n 2 r(d + t) [18, Theorem 6]. We therefore do
not claim the Bernoulli exponents, the p = 1 ordering, the effective transition-slab scale, the
first bilateral Hessian concentration, or the first finite-sample lower bound. Our empirical
contribution is the explicit pointwise (1 & ¢) approximation (48) for all p > 0, its matching
bilateral lower complexity, the full-dyadic-shell extension (86), the angular-log obstruction
(87), the distinct extreme-saturation projector law (70), and its joint certificate (77). The
shell upper theorem still pays additional conservative covering terms and is not asserted to
improve the optimal local one-sided rate; the joint projector threshold is sufficient rather than
crossover-sharp. Stewart’s scaled-SVD analysis already supplies the underlying deterministic
flag mechanism [8]. In the primary sources searched through August 30, 2026, we did not
locate the logistic nearest-hyperplane projector, its exact angle law, finite hierarchy certificate,
or the marked angular-log obstruction for this neuronal Gram process. This is a bounded
search statement, not a guarantee of priority. Recent work already constructs minimax labeled
estimators, including a split-sample direction/norm scheme with bias correction [17]; our oracle
Gram theorem is not an estimator.

Fisher geometry and natural gradient are classical [23]. Karakida et al. study broad Fisher
spectral statistics for random deep networks [24]; Amari, Karakida and Oizumi also give
the direct one-unit Gaussian ¢’> decomposition and bias coupling used here [25]. Our radial
contribution is therefore not the two-eigenspace reduction. It is the profile-generic moment
theorem, nonasymptotic brackets, closed all-power logistic constants, strict global monotonicity,
and their connection through (35) to the Léwner order defect. The generalized-logistic Gamma
transform and its polygamma cumulants in Lemma 7.1 are classical [27, 26]; the claim is
their neural-geometric use, ratio monotonicity and endpoint package, not discovery of the
distributional identity. Lam’s v2 preprint connected Schwarzian curvature with Fisher—Rao
geometry on manifolds of densities [28]. The current v3 explicitly corrects and supersedes v1-v2
and removes that architecture [29]. Neither version contains the one-neuron radial-tangential
coefficient or its equality with the two-point Lowner defect. We cite v2 only as a dated
historical adjacency; its LP parameter is unrelated to the sensitivity exponent in h, = o'.

12 Reproducibility and hostile checks

The documented sequence in repro/README.md runs the original and v3 checks together with
four newer scripts:

radial_phase_transition.py, spectral_lexicography.py, verify_v4_additiomns.py,
joint_spectral_resolution.py, verify_vb_additiomns.py.

Together they perform the following independent checks:

1. it spot-checks (3) at separated scales and constructs Proposition 2.2 with 256-bit directed
Arb balls;
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2. it checks the spherical fourth-moment coefficient for Gaussian and fixed-radius spherical
inputs;

3. it compares numerical quadrature of mg, ma, m4 with the Gamma/polygamma formula
for several noninteger and integer p;

4. it checks the small-r jet through 7% and the refined large-r expansion;

5. it evaluates a, 8 directly over a logarithmic radius grid and checks positivity and grid
monotonicity for p =1, 2;

6. it checks (37)—(39) at declared finite scales;

7. for three declared fixed random seeds it evaluates the empirical radial, tangential and
cross blocks and verifies that those realized errors lie inside (46);

8. it checks both sides of (19)—(20) at declared finite radii;
9. a second replay evaluates the explicit C1,Cy majorants and lower-bound constants; and

10. a fixed-seed replay regenerates Figure 5 and its JSON certificate, while the main replay
regenerates Figure 2 and its certificate;

11. deterministic adaptive quadrature regenerates Figure 1 and checks all three exact phase
constants for isotropic Gamma radii; and

12. a fixed-seed eigenspace replay regenerates Figure 3, while a separate check validates the
explicit L,, K, confidence constants and the sample-wise normal-vector identity.

13. a fixed-sample hierarchy replay regenerates Figure 4 and checks the exact data-dependent
projector certificate and its closed logistic envelope at every numerically stable radius.

14. a vb verifier checks the joint-threshold constants, random sample-wise hierarchy certificates
and the angular-process variance constant for p = 1, 2.

The numerical monotonicity and finite-radius checks are performed on declared grids; the uni-
versal statements are proved analytically above. The replay uses Python, python-flint, NumPy,
SciPy, and Matplotlib. It is diagnostic rather than a substitute for the analytic proofs, which
reduce to the Lowner determinant identity, the Schwarzian chain rule, Gaussian orthogonal de-
composition, Bernstein/net bounds, an Abelian kernel lemma, exterior powers, elementary order
statistics and spacings, Gaussian-process separation, an explicit Gaussian lower tail, and closed
Fourier moments. The stable record, versioned source archives, audit reports and manifests
are public at https://arr-research.github.io/papers/ARR-2026-53CTRKDSP685PT51/.

13 Limitations and next theorem

The Lowner theorem concerns spectral matrix functions, not entrywise vector activations; it
does not say that a standard feedforward neuron reverses coordinatewise order. The empirical
results assume Gaussian input. The local Schwarzian coefficient needs fourth moments, whereas
the spherical asymptotic law needs transition-layer regularity; ER~! < oo is needed precisely
for its quadratic phase, with the other phases covered by Theorem 5.3. Covariance isotropy
alone is insufficient by the Rademacher example following it. Elliptical laws can be whitened,
but radial/tangential directions then use the covariance metric.

The sharp Gram complexity statement is pointwise for a fixed teacher and bilateral relative
Loewner loss. The exact bottom-eigenspace law remains an iterated limit, while Theorem 8.9
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supplies only a conservative joint sufficient regime of order r 2 (n/éd)log(poly(n,d)/(gd));
it does not characterize the crossover r =< n or give a matching joint lower bound. The
dyadic-shell upper theorem is uniform but its full Euclidean-net logarithm is not quantitatively
sharp. Theorem 8.11 proves that one y/log R angular penalty is intrinsic in an iterated limit,
not that all current covering terms are necessary. A matching nonasymptotic shell lower
bound and a chaining upper bound remain open. None of these oracle results is an estimator
guarantee using labels or a minimax parameter lower bound. The optimization result remains
local, and the Cramér—Rao statement concerns regular unbiased estimation.

Al assistance disclosure

AT tools assisted with public-literature and repository triage, proof stress testing, numerical
replay, drafting, and PDF production. The author remains responsible for the mathematical
claims and any remaining errors.
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