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Abstract

Let X be a smooth projective integral complex variety of dimension d ≥ 1, let L be
very ample, and let m ≥ 1. For a nonempty finite reduced set Z ⊂ X, suppose that in the
complete Lm-embedding the vector span of the points of Z contains the affine embedded
tangent space at every point of Z. Equivalently,

H0(X, IZ ⊗ Lm) = H0(X, I2Z ⊗ Lm).

We prove the exact codimension-free lower bound

rk
(
H0(X, Lm) → H0(Z, Lm|Z)

)
≥
(

d + m

d

)
, |Z| ≥

(
d + m

d

)
.

The proof projects the original L-embedding finitely and etale at Z onto Pd. Tangent
absorption says that degree-m equations of the projected points survive first fattening.
The characteristic-zero inequality α(I(2)

Y ) ≥ α(IY ) + 1 forces that degree to contain no
equation. The binomial floor is sharp for every pair (d, m), including with a proper point
span: simplex-lattice interpolation points are placed in a hyperplane which is tangent to
a smooth hypersurface at every support. We also prove downward propagation to every
Lk, k ≤ m, and combine the exact floor with independent first-jet blocks and a Gauss-fibre
alternative. The ingredients are classical; the contribution is their combination into an exact
universal theorem and a nonambient equality family.

1 Introduction
Let Xd be a smooth projective integral variety over C and let L be a very ample line bundle.
The complete linear system embeds

ϕL : X ↪→ P
(
H0(X, L)∗).

For a finite reduced set Z ⊂ X, write

SZ(m) := SpanC{evp : p ∈ Z} ⊂ H0(X, Lm)∗, hZ(m) := dimC SZ(m).

In the complete Lm-embedding, the affine tangent space at p is the dual of the first-jet quotient
H0(2p, Lm|2p). We study the rigid incidence

T̂ϕLm (p)ϕLm(X) ⊆ SZ(m) (p ∈ Z), (1)

called point-span tangent absorption. It is stronger than an ordinary Terracini defect: the span
of the reduced evaluations already contains all first-order information at the same supports.
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Theorem 1.1 (Exact universal floor). Let X be a smooth projective integral complex variety of
dimension d ≥ 1, let L be very ample, let m ≥ 1, and let Z ⊂ X be a nonempty finite reduced
set. If Z is point-span tangent-absorbing for the complete system Lm, then

hZ(m) ≥ Bd(m) :=
(

d + m

d

)
, |Z| ≥ Bd(m). (2)

There is no dependence on the degree, codimension, equations, projective normality, or
Gauss-map degeneracy of the original embedding. The statement also includes m = 1 and
m = 2, where a previous squared-hyperplane argument did not apply.

The proof has two structural steps. First choose a finite projection π : X → Pd which is
etale at every point of Z and injective on Z. If Y = π(Z) and a degree-m form F vanishes on
Y , its pullback vanishes on Z. Absorption makes the pullback vanish to second order. Etaleness
transfers this back to F , giving (IY )m = (I(2)

Y )m. Second, over characteristic zero a nonzero
form of least degree in IY has a nonzero partial derivative of smaller degree. Consequently
α(I(2)

Y ) ≥ α(IY ) + 1, and the displayed equality forces (IY )m = 0. The
(d+m

d

)
degree-m forms

on Pd then evaluate independently on Y .
The floor is not merely an ambient saturation bound.

Theorem 1.2 (Proper-span equality in every dimension and degree). For every d, m ≥ 1 there
exist a smooth integral hypersurface Xd ⊂ Pd+1, a nonempty reduced set Z ⊂ X, and L = OX(1)
such that

|Z| = hZ(m) =
(

d + m

d

)
, h0(X, Lm) =

(
d + m + 1

d + 1

)
> hZ(m),

and Z is point-span tangent-absorbing for Lm. Moreover, every projective tangent space TpX,
p ∈ Z, may be the same hyperplane.

Thus neither floor can be raised, even after excluding configurations whose point span is the
entire Lm-ambient space. The equality construction uses the

(d+m
d

)
lattice points

[1 : α1 : · · · : αd : 0], α ∈ Nd, |α| ≤ m,

which are unisolvent for polynomials of total degree at most m. A general high-degree hy-
persurface with prescribed common tangent hyperplane at these points is smooth. On it, the
normal coordinate belongs to the square of every corresponding maximal ideal, converting each
degree-m equation of Z into a double equation.

For m ≥ 3 the exact theorem combines with a rank-sensitive first-jet argument. Put

r1(Z) := rk
(
H0(X, L) → H0(Z, L|Z)

)
and let gL(Z) be the largest number of points of Z in one fibre of the Gauss map of the
L-embedding. We obtain

hZ(m), |Z| ≥ max
{(

d + m

d

)
, (d + 1)r1(Z)

}
. (3)

Absorption at degree m descends to degree one. Hence r1(Z) ≥ d + 1; if equality holds, every
original tangent space along Z is one fixed d-plane. If gL(Z) <

(d+m
d

)
, then

hZ(m), |Z| ≥ max
{(

d + m

d

)
, (d + 1)(d + 2)

}
. (4)
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Relation to prior work. The inequality α(I(2)) ≥ α(I) + 1 for finite reduced points is
standard in the study of fattening and symbolic powers; see, for example, Bocci–Chiantini [6,
Remark 2.2] for the planar antecedent and Bauer–Szemberg [4, Lemma 2.4] for the arbitrary-
projective-space differential inequality. Finite general projections and Bertini theorems with
prescribed base schemes are classical; compare Altman–Kleiman [1] and the analogous adapted-
projection construction over finite fields in Wang [9, Lemma A.7]. Terracini loci and strong
tangential base loci concern adjacent, but weaker, incidences [3, 2]. Jet-ampleness provides a
broader language for infinitesimal interpolation [5].

The novelty claim is deliberately narrow: an adapted finite projection and the fattening
inequality are combined to obtain the exact codimension-free rank floor, and smooth proper-span
extremizers are given for every (d, m). No novelty is claimed for those ingredients separately.
The bibliographic search is not a priority certification, and no peer review is claimed.

2 Ranks, double points, and absorption
At a smooth point p ∈ X, write 2p for the first infinitesimal neighbourhood defined by m2

p; it has
length d + 1. For a finite reduced set Z, put 2Z = ∐

p∈Z 2p. Since Lm is very ample, restriction
to 2p is surjective, and its dual is the affine tangent space to the cone over the Lm-embedding.

Definition 2.1. A nonempty finite reduced set Z ⊂ X is point-span tangent-absorbing for Lm

if (1) holds for every p ∈ Z.

Lemma 2.2 (Kernel criterion). The following are equivalent:

(i) Z is point-span tangent-absorbing for Lm;

(ii) H0(X, IZ ⊗ Lm) = H0(X, I2Z ⊗ Lm);

(iii) restriction to Z and to 2Z has the same rank.

Proof. The annihilator of SZ(m) is the kernel of restriction to Z. The annihilator of the span
of all affine tangent spaces at the supports is the kernel of restriction to 2Z. The point span is
contained in the tangent span, so equality of spans, annihilators, and ranks are equivalent.

Lemma 2.3 (Downward propagation). If Z is tangent-absorbing for Lm, then it is tangent-
absorbing for Lk for every 1 ≤ k ≤ m.

Proof. Fix s ∈ H0(X, IZ ⊗ Lk) and p ∈ Z. Since Lm−k is globally generated, choose tp ∈
H0(X, Lm−k) with tp(p) ̸= 0; for k = m, take tp = 1. Then stp vanishes on Z, so absorption at
degree m makes it vanish on 2Z. In the local ring at p, tp is a unit; hence s ∈ m2

pLk
p. Repeating

for every p gives equality of the kernels at degree k, and Lemma 2.2 applies.

3 A characteristic-zero fattening gap

For a nonempty finite reduced Y ⊂ Pd, let IY be its homogeneous radical ideal and I
(2)
Y =⋂

q∈Y m2
q . For a nonzero homogeneous ideal J , let α(J) be its least nonzero degree.

Lemma 3.1 (Fattening gap). Over characteristic zero,

α(I(2)
Y ) ≥ α(IY ) + 1. (5)

Consequently, if (IY )m = (I(2)
Y )m for some m ≥ 1, then (IY )m = 0.
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Proof. Put a = α(IY ) ≥ 1. If 0 ̸= F ∈ (I(2)
Y )a, every first partial derivative of F vanishes on

Y . At least one derivative is nonzero by Euler’s identity in characteristic zero. It belongs to
(IY )a−1, contradicting the definition of a. This proves (5).

For the consequence, suppose (IY )m ̸= 0 and choose 0 ̸= F ∈ (IY )a with a = α(IY ) ≤ m.
For each q ∈ Y , choose a degree-(m − a) form Hq with Hq(q) ̸= 0. Then HqF ∈ (IY )m =
(I(2)

Y )m ⊂ m2
q . Since Hq is a local unit at q, F ∈ m2

q . Thus F ∈ I
(2)
Y , contrary to (5) in degree

a.

4 Finite projections adapted to a finite set
Replacing the ambient space of the L-embedding by the linear span of X does not change L or
any evaluation rank.

Lemma 4.1 (Adapted finite projection). Let Xd ⊂ PM be smooth, nondegenerate, projective,
and integral, d ≥ 1, and let Z ⊂ X be finite and reduced. There is a linear projection πΛ : X →
Pd which is finite, etale at every point of Z, injective on Z, and satisfies π∗

ΛOPd(1) = OX(1).
If M = d, take the identity after identifying X = Pd.

Proof. If M = d, a closed integral d-fold in Pd is all of Pd. Assume M > d. Choose a general
Λ ∼= PM−d−1 disjoint from X, from the finitely many projective tangent spaces TpX for p ∈ Z,
and from the finitely many secant lines pq for distinct p, q ∈ Z. Each avoidance condition is a
nonempty open condition on the Grassmannian. Their finite intersection is nonempty because
the Grassmannian is irreducible.

Projection from Λ is a morphism on X. A fibre lies in a linear PM−d containing Λ as a
hyperplane. If a fibre had positive dimension, its projective closure would meet that hyperplane,
contradicting X ∩ Λ = ∅. The morphism is quasi-finite and projective, hence finite. Avoiding
TpX makes dπp injective, thus an isomorphism. The Jacobian criterion for a morphism between
smooth varieties of equal dimension then makes π etale at p. Avoiding secants makes π|Z
injective. The pullback identity follows from the linear system defining the projection.

5 Proof of the exact floor
Proof of Theorem 1.1. Embed X by L, apply Lemma 4.1, and put Y = π(Z). The map Z → Y
is a bijection. If F ∈ (IY )m, then s = π∗F ∈ H0(X, Lm) vanishes on Z. Absorption makes s
vanish on 2Z. At p ∈ Z, with q = π(p),

d(s)p = d(F )q ◦ dπp.

The left side is zero and dπp is an isomorphism, so d(F )q = 0. Therefore F ∈ m2
q for all q ∈ Y

and (IY )m = (I(2)
Y )m. Lemma 3.1 gives (IY )m = 0.

Evaluation on Y is consequently injective on H0(Pd, O(m)), of dimension
(d+m

d

)
. Pulling

this subspace back to H0(X, Lm) and using Z ≃ Y proves hZ(m) ≥
(d+m

d

)
. Since SZ(m) is

spanned by |Z| evaluation vectors, |Z| ≥ hZ(m).

Corollary 5.1 (Projective form). Under the hypotheses of Theorem 1.1, dim SpanP ϕLm(Z) ≥(d+m
d

)
− 1.

Corollary 5.2 (No low-cardinality extreme defect). If |Z| <
(d+m

d

)
, thickening Z to 2Z strictly

increases the rank of restriction in Lm.

Remark 5.3. Characteristic zero enters in the derivative step of Lemma 3.1. Frobenius powers
obstruct that argument in positive characteristic, so no such extension is asserted.
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6 Simplex-lattice unisolvence
Fix d, m ≥ 1 and set

Ad,m := {α = (α1, . . . , αd) ∈ Nd : |α| ≤ m}, |Ad,m| =
(

d + m

d

)
= Bd(m).

For α ∈ Ad,m, let pα = [1 : α1 : · · · : αd] ∈ Pd.

Lemma 6.1 (Simplex-lattice interpolation). Evaluation at the points pα, α ∈ Ad,m, is an
isomorphism

H0(Pd, OPd(m)) ∼−−→ CAd,m .

Proof. On the chart x0 = 1, consider the falling-factorial polynomials

Nβ(t1, . . . , td) :=
d∏

i=1

(
ti

βi

)
, β ∈ Ad,m.

They form a basis of the polynomials of total degree at most m, since each has leading monomial∏
i tβi

i /βi!. Order Ad,m by a linear extension of the coordinatewise partial order. Then Nβ(α) = 0
unless βi ≤ αi for every i, while Nα(α) = 1. The evaluation matrix is triangular with diagonal
one. Homogenization proves the assertion.

This is a concrete multivariate Newton interpolation set. The proof is included so the
equality construction does not depend on numerical conditioning or genericity; related lattice
constructions appear in [7, 8].

7 Smooth common-tangent extremizers
Let W = V (y) ∼= Pd be a hyperplane in Pd+1 with coordinates [x0 : · · · : xd : y]. Regard the
simplex-lattice set

Z = {[1 : α1 : · · · : αd : 0] : α ∈ Ad,m} ⊂ W.

Write 2ZW for the union of first neighbourhoods inside W .

Proposition 7.1 (Smooth prescribed-tangent hypersurface). Put r = |Z| = Bd(m). For every
n ≥ 2r + 1, there is a smooth integral degree-n hypersurface X ⊂ Pd+1 containing Z such that
TpX = W for every p ∈ Z.

Proof. Consider forms

F (x, y) = f(x0, . . . , xd) + yG(x0, . . . , xd, y), (6)

where f ∈ H0(W, I2ZW
(n)) and G ∈ H0(Pd+1, O(n − 1)).

The set-theoretic support of this linear system’s base scheme is exactly Z; no assertion
about its scheme structure is needed. Outside W , the term yG is base-point-free. If q ∈ W \ Z,
for each p ∈ Z choose a hyperplane ℓp ⊂ W through p but not through q. Then ∏p∈Z ℓ2

p has
degree 2r, vanishes doubly at Z, and is nonzero at q; multiply it by a degree-(n − 2r) form
nonzero at q.

Bertini gives smoothness for a general member away from the support of the base scheme.
At p ∈ Z, all tangential derivatives of f vanish, whereas the normal derivative of F is G(p).
The finitely many conditions G(p) ̸= 0 define a nonempty open set. Hence a general member is
smooth at Z and has tangent hyperplane W there. It is integral: if a projective hypersurface of
positive dimension were reducible, two positive-degree components would meet, and their union
would be singular along the intersection. Bertini with a prescribed base scheme is standard; see
Altman–Kleiman [1].

5



The numerical threshold is a transparent sufficient bound; no minimality in n is claimed.

Proof of Theorem 1.2. Take Z ⊂ W as above and choose X = V (F ) from Proposition 7.1, with
n ≥ 2Bd(m) + 1. Since n > m and d + 1 ≥ 2, the hypersurface sequence

0 −→ OPd+1(m − n) −→ OPd+1(m) −→ OX(m) −→ 0

together with H0(O(m − n)) = 0 and H1(Pd+1, O(m − n)) = 0 gives

H0(Pd+1, O(m)) ∼−−→ H0(X, OX(m)). (7)

Let a degree-m form Q(x, y) vanish on Z. Its restriction Q(x, 0) to W vanishes at the
unisolvent set of Lemma 6.1, hence is zero. Thus Q = yR for a degree-(m − 1) form R.

Fix p ∈ Z. Locally, (6) reads f + yG = 0, where f ∈ m2
W,p and G(p) ̸= 0. Thus G is a unit

and, in OX,p,
y = −f/G ∈ m2

X,p.

Therefore Q = yR vanishes on 2p. This holds for every p, proving

H0(X, IZ ⊗ OX(m)) = H0(X, I2Z ⊗ OX(m)).

The set is absorbing by Lemma 2.2.
Lemma 6.1 shows that the evaluations have rank |Z| = Bd(m). Equation (7) gives

h0(X, OX(m)) =
(d+m+1

d+1
)

> Bd(m), so the point span is proper. The common-tangent assertion
is part of Proposition 7.1.

Remark 7.2. The equality family explains why no improvement follows merely from excluding
ambient point spans. Any stronger theorem needs geometric input that rules out, controls, or
classifies high-contact common-tangent sets.

8 Rank-sensitive jet blocks and Gauss fibres
Return to an arbitrary smooth X and very ample L, and put r1(Z) = hZ(1). The following
extension is useful for m ≥ 3.

Lemma 8.1 (Squared-hyperplane extension). Let m ≥ 3. Suppose p1, . . . , ps ∈ X have
independent first neighbourhoods for Lm. If the L-evaluation at x ∈ X is not in the span of
the evaluations at the pi, then 2p1 ∪ · · · ∪ 2ps ∪ 2x also imposes independent conditions on
H0(X, Lm).

Proof. In the L-embedding choose e ∈ H0(X, L) vanishing at every pi but not at x. The section
e2 vanishes on the old double points and is a unit on 2x. Since Lm−2 is very ample, restriction
to 2x is surjective. Thus e2H0(X, Lm−2) realizes arbitrary first-jet data at x while vanishing on
the old union. Correcting residual data at x proves the claim.

Proposition 8.2 (Rank-sensitive floor). If m ≥ 3 and Z is tangent-absorbing for Lm, then

hZ(m), |Z| ≥ max
{(

d + m

d

)
, (d + 1)r1(Z)

}
.

Proof. Choose r1(Z) points whose degree-one evaluations form a basis, ordered so that each
new evaluation escapes the preceding span. A single double point imposes d + 1 independent
conditions. Repeated application of Lemma 8.1 makes the r1(Z) double points independent in
Lm. By absorption, their (d + 1)r1(Z)-dimensional dual first-jet span lies in SZ(m). Combine
this with Theorem 1.1 and |Z| ≥ hZ(m).
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Let
γL : X −→ Gr(d + 1, H0(X, L)∗)

be the Gauss map of the L-embedding and define

gL(Z) := max
W ∈Gr(d+1,H0(X,L)∗)

|Z ∩ γ−1
L (W )|.

Proposition 8.3 (Degree-one alternative). Under Theorem 1.1, r1(Z) ≥ d+1. If r1(Z) = d+1,
the degree-one evaluation span is the affine tangent space at every point of Z; all of Z lies in
one fibre of γL and in its projective tangent d-plane.

Proof. By Lemma 2.3, Z is absorbing for L. Its degree-one evaluation span contains a (d + 1)-
dimensional affine tangent space. If its dimension is exactly d+1, every such tangent space along
Z is a subspace of the same dimension inside it, hence equals it. Evaluation representatives
also lie in their own affine tangent spaces.

Corollary 8.4 (Gauss-fibre refinement). Let m ≥ 3. If Z is absorbing for Lm and gL(Z) <(d+m
d

)
, then

hZ(m), |Z| ≥ max
{(

d + m

d

)
, (d + 1)(d + 2)

}
.

Proof. If r1(Z) = d + 1, Proposition 8.3 puts all Z in one Gauss fibre, while Theorem 1.1 gives
|Z| ≥

(d+m
d

)
, a contradiction. Hence r1(Z) ≥ d + 2, and Proposition 8.2 applies.

For a smooth quadric, polarity makes the Gauss map injective, so the corollary applies
automatically. When the binomial term already dominates (d + 1)(d + 2), the exact theorem is
stronger.

9 Comparison with adjacent interpolation loci

Object Incidence condition
Terracini locus The union 2Z fails to impose the expected independent con-

ditions; the tangent span is defective.
Strong tangential base
locus

A span generated by selected tangent spaces contains another
point or tangent space.

Point-span tangent ab-
sorption

The span of reduced evaluations already contains the tangent
space at every support; point rank equals double-point rank.

Equality family here One hyperplane is tangent at an unisolvent set and its normal
coordinate is second order in each local ring, giving exact
binomial rank with proper point span.

Absorption implies an extreme Terracini defect unless the point span is ambient, but
ordinary Terracini defect does not imply absorption. Nor can one generally delete a support
and reinterpret absorption as a strong-base- locus condition: its evaluation direction may be
needed to express its own tangent space. Theorem 1.1 bypasses those classification problems by
transporting the incidence to points in Pd and using initial degree.

10 Exact computational witnesses
The accompanying replay repro/verify_exact_projection_floor.py uses exact rational
arithmetic to construct simplex-lattice evaluation matrices for a grid of (d, m). It verifies rank
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(d+m
d

)
and checks a falsification boundary: deleting one node leaves a nonzero degree-m equation,

while adjoining first-jet rows increases the value rank.
The replay repro/verify_common_tangent_extremizer.py checks explicit local fixtures

of the family F = f + yG. It verifies unisolvence, prescribed normal gradients at the supports,
the local second-order identity for y, and equality of value and double-point ranks. These are
exact finite fixtures. They do not replace Bertini, certify every member, prove the universal
theorem, establish priority, or constitute formal verification.

A counterexample to the main theorem would be a smooth complex d-fold, a very ample
L, and a nonempty reduced absorbing Z with hZ(m) <

(d+m
d

)
. After an adapted projection it

would either violate the transferred equality (IY )m = (I(2)
Y )m or the characteristic-zero fattening

gap.

11 Scope, limitations, and provenance
• The theorem is proved over C; the proof works over any algebraically closed field of charac-

teristic zero. No positive- characteristic extension is claimed.

• X is smooth, projective, integral, and pure-dimensional, and Z is nonempty, finite, and
reduced. Nonreduced supports, singular ambient schemes, and mixed dimensions need
different local statements.

• The sharpness construction proves existence for a sufficient hypersurface degree. It neither
classifies all equality cases nor minimizes that degree.

• The Gauss-fibre result is a secondary refinement for m ≥ 3. It does not classify Gauss fibres,
contact loci, Terracini loci, or strong base loci.

• The work proves no statement about a Millennium Prize Problem. The 0–10 research-impact
scores used during drafting are editorial heuristics, not mathematical claims.

• Literature searches covered the cited fat-point, projection, Bertini, interpolation, Terracini,
jet-ampleness, and Gauss-map sources. They are not exhaustive MathSciNet/zbMATH
review or specialist peer review.

• The replay scripts are finite diagnostic witnesses. No Lean certification, independent repro-
duction, or external validation is claimed.

Versions 0.1–0.4 developed weaker squared-hyperplane and Gauss-fibre floors. Version 0.6
replaces their main theorem by the exact binomial floor, extends the result to every m ≥ 1,
supplies proper-span extremizers in every dimension and degree, and retains the earlier block
argument only as a secondary refinement. OpenAI Codex assisted with proof discovery and
auditing, literature triage, replay code, and drafting. The named author is responsible for the
claims and any public submission. No external peer review or priority certification is claimed.
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