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Abstract

Let F' = F* € M4(C) be nonzero and traceless, and define the inverse Hermitian-commutator

cost
ra(F) = inf{[|H|| g | Kllgg : H = H", K= K", —i[H,K]=F}.

Writing p = rank F' and P(F) = ||F'||; /2 = Tr F'y, we prove the dimension-free, rank-adaptive
sharp bounds

P(F) < ra(F) < §P(F).

The lower equality holds exactly when the nonzero spectrum of F' is centrally symmetric. The
upper equality holds exactly when, up to positive scaling and sign, the nonzero spectrum is

(p—1,-1,...,—1).

Thus the worst normalized inverse cost at fixed rank is precisely p/2, including for targets
embedded with arbitrary zero padding; both extrema are attained.

The lower endpoint has an exact geometric refinement. If Q = 19 )(F) is the positive
spectral projection, then

ka(F) — P(F) (11 = Q)ClIEs + 1CQIs)-

1 .
T 2 oo ttre—ar
Hence the entire trace-norm tax is the least wrong-way Hilbert—Schmidt leakage across the
sign cut of the prescribed target. The upper bound follows from an averaged family of finite
weighted shifts. Sharpness at the upper endpoint follows from only p—1 explicit Horn—-Littlewood—
Richardson inequalities, valid in every ambient dimension. The subset-to-partition convention
and the resulting Littlewood—Richardson coeflicients are written out explicitly, so the certificate
is independent of a fixed-dimensional Horn enumeration. A dependency-free exact-arithmetic
replay accompanies the manuscript. No closed formula is claimed for a general interior spectrum.

1 The inverse problem and the result

Every trace-zero complex matrix is a commutator, and every finite-dimensional traceless Hermitian
matrix is a self-commutator [1, 2, 4]. Existence alone leaves a metric inverse question: for a
prescribed target, what is the least Hilbert—Schmidt resource of Hermitian factors that generate it?
We use the unnormalized norm

1X s = Tr(X*X)

and study
Ra(F) = inf{ | Hllys | Kllys : H = B, K = K*, ~i[H, K] = F}. (1)

The target is always assumed Hermitian and traceless. Set

1
PF):=TrFy = 3 | Fl p(F) :=rank F. (2)



For a nonzero traceless target, p(F) > 2.

The nearby norm literature mainly treats the forward problem, bounding a commutator in terms
of its factors [8, 11, 12, 13, 18], or treats mixed operator—Hilbert—Schmidt costs for an arbitrary
trace-zero matrix [14, 17]. Other self-commutator work concerns approximation or comparison with
the generating operator rather than the prescribed-target minimum studied here [9, 10, 19]. Weiss
studied the inverse HS-HS problem with arbitrary, generally non-Hermitian, factors [15]. This is a
genuinely different optimization: for

Fy = diag(_lv 1/37 1/37 1/3)7

Weiss’s unrestricted minimum product is 4/3 (equivalently, after balancing, each factor has norm
4/3), whereas Theorem 1.1 gives the Hermitian-factor cost k4(Fy) = 2. Thus neither result
subsumes the other by a change of notation.

Fan and Fong’s compact self-commutator theorem uses arrangements with nonnegative partial
sums to establish existence [4]. Beltita, Patnaik, and Weiss survey that setting, record the finite
weighted-shift construction, and discuss the same one-spike energy comparison [16]. Those an-
tecedents supply constructions and historical context, but not the minimum in (1), its rank-adaptive
upper constant, or either equality classification proved here.

Exact formulas in dimensions three, four, and five can be obtained by solving specialized Horn
linear programs [20, 21, 22]. Their chamber geometry grows with dimension. The present result
takes a different direction: it determines the two extremal faces and the exact worst-target constant
in every dimension without enumerating the Horn cone.

Theorem 1.1 (Rank-adaptive trace tax and complete extremizers). Let 0 # F = F* € My(C)
satisfy Tr F' =0, and put p =rank F'. Then

P(F) < kalF) < §P(F). (3)

Moreover:
(i) ka(F) =P(F) if and only if, including multiplicities, the nonzero spectrum is
(A1y. ey Qmy —yy ey —Q1), ap >+ > am > 0. (4)
In particular, lower equality forces p = 2m.

(ii) Kkq(F) = pP(F)/2 if and only if, up to multiplication by a positive scalar and replacement of
F by —F, the nonzero spectrum is

(p—1,-1,...,—1). (5)
Zero eigenvalues may occur with arbitrary multiplicity.

Two immediate consequences make the sharpness precise.

Corollary 1.2 (Worst target at fixed rank and dimension). For 2 <r <d,

ka(F) 7
sup = —.
F=F*£0, TrF=0 P(F) 2
rank F'=r

Consequently the unrestricted supremum in Mg(C) is d/2.

Remark 1.3 (No dimension salami). Theorem 1.1 is not an extrapolation of a five-level max formula.
It is an arbitrary-dimensional extremal theorem, is adaptive to the support rank rather than the
ambient dimension, and uses no enumeration of fixed-d Horn facets. The five-level result supplies one
specialization of (3), while retaining separate information about the full interior chamber function.



2 One matrix and the exact sign-cut leakage identity

The first step replaces two Hermitian factors by one unrestricted matrix.

Lemma 2.1 (Balanced self-commutator reduction). For every traceless Hermitian F,
1
ka(F) = 5 min{[|C|)g : CC* — C*C = 2F}. (6)

The minimum s attained.

Proof. Given feasible Hermitian H, K, rescale them as H + tH and K + t~'K. Their commutator
and norm product are unchanged, and ¢ may be chosen so that the two Hilbert—Schmidt norms
agree. For C'= H + iK, direct calculation gives

OC* —C*C = 2ilH, K] =2F,  |Clfss = [H ks + 15 s = 2 | H lss 15 s

This proves that the right side of (6) is at most kq(F).
Conversely, write a feasible C' as C' = X + 1Y with X = X* and Y = Y*. Then —i[X,Y]| =F
and

1 2 2 1 2
X s 1Y Ths < 5 (1 X s + 1Y llis) = 5 1€ s -

Thus the reverse inequality holds. Feasibility follows, for example, from the weighted-shift con-
struction in Section 4. The constraint is closed, and every norm sublevel set is compact in finite
dimension, so the minimum is attained. ]

The cost above the trace-norm floor has an exact interpretation. It is useful both for the equality
proof and for applications in which the positive spectral subspace defines a desired output sector.

Theorem 2.2 (Exact sign-cut leakage formula). Let Q = 1 o) (F) be the positive spectral projection
of a traceless Hermitian F. Then

#a(F) = P(F) min ([[(1 - Q)CliEs + [CQIIs) - (7)

1
T 2 CcCr—CrC=2F

The minimizers in (7) are exactly the cost minimizers in (6).

Proof. Fix a feasible C and put R = CC* and S = C*C. Since R — S = 2F and @ is the positive
spectral projection of F,

2P(F)=Tr(2F);+ =TrQ(R - 5).
Also TrR=TrS = ||C’H12HS Therefore

% |C||5s — P(F) = % (TrR—TrQ(R—S))
_ % (Tr((1 = Q)R) + Tr(QS))
— 5 (10 - Qs + 10QUEs) - ®

This identity holds pointwise on the feasible set. Minimizing and using Lemma 2.1 proves the
result. O

Corollary 2.3 (Quantitative near-pairing). If kq(F) < (1 4 &)P(F), there is an optimal factor C
with
I(1 - Q)Clis + 1CQIs < 2eP(F).

Thus a small relative trace tax quantitatively forces an almost one-way factor across the sign cut.



3 The lower endpoint: central spectral symmetry

The lower bound and its equality classification now follow without Horn theory.

Proposition 3.1 (Trace floor and equality). For every nonzero traceless Hermitian F, kq(F) >
P(F). Equality holds exactly for the spectra in (4).

Proof. The lower bound is immediate from the nonnegative right side of (7). Suppose equality holds
and choose an optimal C. The two nonnegative terms in (7) vanish, so

1-Q)C=0, CQ=0.

Thus R = CC* is supported in Q and S = C*C is supported in 1 — . On ker F', however,
R— S =2F =0 while R =0, so S = 0 there as well. Hence R and S are supported on the positive
and negative spectral subspaces respectively, and in particular RS = 0. They have the same nonzero
eigenvalues, namely the squared singular values of C'. Since 2F = R — S, the positive and negative
nonzero eigenvalues of F' occur in equal pairs. This gives (4).

Conversely, suppose F' has an orthonormal eigenbasis ey, ..., em, fi,. .., fm on its support, with

Fej = ajej, Ffj = —ajfj.
Define m
C =Y /2a;le;)(f;l- 9)
j=1
Then (CC* — C*C)/2 = F and
1 m
5 IClhs = > a; = P(F).
j=1
Lemma 2.1 proves equality. O

Remark 3.2. The equality face is spectral, not entrywise: F' need not be presented in paired block
form. Unitary covariance transports (9) to any matrix with the same spectrum.

4 A rank-adaptive weighted-shift upper bound

Let the positive eigenvalues of F' be ai,...,a,, > 0, and write the negative eigenvalues as
—by,...,—by, < 0. Tracelessness gives
m n
Zaj:Zbk:P(F)::P, m+n=p. (10)
j=1 k=1

Zero eigenvalues play no role in the construction and will be placed last.

Lemma 4.1 (Excursion shift). Let p1,...,uq be an ordering of the eigenvalues of F whose partial
sums

k
Sk::§:l%
j=1
are nonnegative. In the corresponding eigenbasis, define
C€k+1 = /25 e (1 <k< d), Cep = 0. (11)
Then
1 1 , d—1
5(CC" = C°C) = diag(p, ... pa), 5 [Cllhis = D 5.
k=1



Proof. The diagonal entries of (CC* — C*(C')/2 are

S1, 82 —S1,.-., Sd—1 — Sd—2, —Sd—-1,

which are 1, ..., uq because the total sum is zero. The norm identity follows by summing the
squared shift weights. O

Put all positive eigenvalues first, all negative eigenvalues next, and all zeros last. Every partial
sum is nonnegative, independently of the orders chosen inside the positive and negative blocks. Let
A(m, o) be the cost in Lemma 4.1 for permutations w € Sy, and o € S,,.

Lemma 4.2 (Exact permutation average). The block-order shift costs have average

1 m+n p
o 7T€Sm O'GSn

Proof. The zero tail has zero partial sums, so compute with the first p = m + n positions. An entry
at position j has coefficient p — j in Zi;i sg. Averaging over the positive block, each a; has mean

coefficient
m+1
p— —.

2
Each negative magnitude b; has mean coefficient

n—1

Using (10), the averaged cost is

P(p_m+1_n—1>:pp

2 2 2
O
At least one block order has cost no larger than the average. Lemmas 2.1, 4.1, and 4.2 prove
ra(F) < EP(P). (13)

This argument is rank-adaptive because zero eigenvalues contribute neither mass nor steps to the
excursion.

5 Necessity at the upper endpoint

The averaging proof carries enough rigidity to classify every possible upper extremizer.

Proposition 5.1 (Flat sign blocks and a single spike). If 0 # F and kq(F) = pP(F)/2, then one of
Fy and F_ has rank one, and the nonzero eigenvalues on the other sign are all equal. Equivalently,
the nonzero spectrum has the form (5), up to scale and sign.

Proof. Every block-order shift is feasible, hence
ra(F) < A(m, 0)

for all m,o. If kq(F') = pP/2, equality with the average (12) forces every A(m, o) to equal pP/2.
Suppose two positive eigenvalues a and a’ occupy block positions u < v. Interchanging only
these entries changes the weighted sum of partial sums by

(v —u)(a—d).



Since all block orders have the same cost, a = a’. Thus all positive eigenvalues are equal. The same
transposition argument shows that all negative magnitudes are equal. The spectrum is therefore

(P/m,...,P/m,—P/n,...,P/n) , (14)

m n

apart from zeros.
Assume now that m,n > 2. Start with all m positive entries followed by all n negative entries.
Swap the last positive entry and the first negative entry. Just after the swapped negative entry, the

partial sum is
1 1
Pl{l————]2>0,
m n

and after the following positive entry the path rejoins the original partial-sum path. Thus the
swapped order remains feasible. Its cost is smaller than the block-order cost by

1 1
P ( + ) >0,
m n
contradicting upper equality. Hence min{m,n} = 1, which gives (5). O

The only remaining issue is sufficiency: a one-spike target might conceivably admit a coherent
non-shift factor below the displayed weighted-shift cost. A short universal Horn certificate rules this
out.

6 A universal Horn certificate for the one-spike family

We use only a special elementary face of the classical Horn-Littlewood—Richardson theorem [3, 5, 6, 7].
If Hermitian matrices with decreasing spectra «a, 8 have sum with decreasing spectrum +, then every
Horn triple (I, J, K) of equal-size subsets satisfies

dow <D ity b (15)

keK il jeJ
For completeness, fix the convention that an increasing ¢-subset
A={a1 <---<a} C{1,...,d} corresponds to w(A)=(ar—~L,ar-1—{—1),...,a1 —1).
Thus the initial subset I = {1,...,¢} corresponds to the zero partition. Consequently
I, ={1,...,¢}, Jo=Ky={l,d—¢+2,...,d} (16)
is a Horn triple: J;, = K literally, and the unit property of the zero partition gives

m(Ky) 7(Je)

Cn(1e),m(Je) = Com(Je) T L
This verifies the convention-sensitive part of the certificate directly for every d and ¢ used below.

Lemma 6.1 (Removing a common singular floor). At a minimizer in (6), the least squared singular
value of C' is zero.

Proof. Put S = C*C and use the polar decomposition C' = USY2. If the least eigenvalue of S were
t > 0, then U would be unitary and

C'=U(S —t1)"/?

would satisfy
C'C* =0C* - t1, C*C' = C*C —t1.

The self-commutator would be unchanged while ||C” H%IS = ||C ||¥{S — dt, contradicting minimality. [



Proposition 6.2 (Sharp one-spike lower certificate). Let the nonzero spectrum of F' be

P P
(Pt otg). P
p—1 p—1

with any number of zeros between the positive and negative levels. Then

ka(F) = gP.

Proof. Choose an optimal C, and let

be the decreasing squared singular values, using Lemma 6.1. The spectra of CC* and —C*C' are
a=(p1,---,pd-1,0), B=(0,-pi-1,---,—p1)-
Apply (15) to the triple (16) for each Horn subset size
1<i<p-—1.
The right side telescopes exactly:

Yot D Bi= (it p) — (oA pe) = pe
i€y JEJp

The set Ky selects the positive spike and the lowest ¢ — 1 negative eigenvalues of 2F. Therefore

{—1 2P(p— ¢
pe > 2P (1— ): =0 (17)
p—1 p—1
Summing (17) gives
N d—1 p—1 op p—1
IClgs =D _pi=Y pe>—=> q=pP.
— — p— 1
j=1 =1 q=1
Lemma 2.1 yields x4(F') > pP/2. The weighted-shift upper bound (13) gives equality. O

Propositions 3.1, 5.1, and 6.2 complete the proof of Theorem 1.1. Corollary 1.2 follows by
choosing a zero-padded one-spike spectrum at every rank.

7 What the theorem adds

Table 1 separates the classical ingredients from the new conclusions.

The result also clarifies the relation between low-dimensional exact formulas and arbitrary
dimension. A fixed-dimensional formula resolves the complete polyhedral interior of the inverse cost.
Theorem 1.1 instead resolves the global trace floor, the worst normalized target, and both equality
loci uniformly over all dimensions. Neither statement contains the other.

8 Reproducibility, scope, and limitations

The analytic proof is contained in the manuscript. The accompanying replay script uses only the
Python standard library and exact rational arithmetic to check:

1. the weighted-shift commutator identity in the free coefficient module;

2. the exact block-permutation average on rational examples;



Input Role in this paper

Trace-zero/self-commutator Guarantees the inverse problem is feasible; not claimed as new.
existence

Weighted shifts and positive Supply a family of explicit feasible factors; the exact permutation
partial sums average and rank-adaptive optimization are the new use.
Horn-Littlewood—Richardson Classical spectral-sum theorem; only the p — 1 triples (16) are
inequalities used to certify the sharp endpoint.

Finite-dimensional trace Underlies the trace floor; the pointwise identity (8) identifies its
variationality complete defect.

New theorem package Sharp rank constant p/2; both equality classifications; exact

sign-cut leakage formula; zero-padded endpoint certificates at
every rank.

Table 1: Novelty boundary and proof architecture.

3. the adjacent-swap strict deficit for every two-sided flat multiplicity through a configurable
dimension;

4. the zero-padded one-spike shift cost and the summed Horn lower certificate at every rank through
a configurable dimension.

These computations audit algebra and indexing; they are not substitutes for the arbitrary-dimensional
proofs.

The exact release is preserved under ARR record ARR-2026-1D2QV1RP1292JREW. Its standard-
library replay is src/repro/verify_extremal_tax.py, with SHA-256 e05670dbd13215e84f0449¢e2
00f1f4c6e32a1351cf8e7359da31e51a411a3cd2a; the release also preserves the exact JSON output
and reproduction instructions.

The theorem is finite-dimensional and uses the unnormalized Hilbert—-Schmidt norm. It does not
address infinite factors, unbounded canonical commutation relations, operator-norm minimization,
graph-local or gate-local factors, fixed control algebras, or laboratory time and energy. The Horn
theorem is a classical imported result, not formalized in the replay; the manuscript does make the
convention-sensitive Littlewood—Richardson coefficient in its special certificate explicit. No entrywise
optimal constructor is claimed for a general interior spectrum; the shift supplies the sharp universal
upper bound, while the exact interior cost remains a richer Horn optimization.

The exact upper equality classification is qualitative. A natural open problem is to determine a
sharp modulus of stability: for fixed rank p, quantify how close the normalized nonzero spectrum must
be, up to sign, to the one-spike ray when rq4(F')/P(F') lies within ¢ of p/2. No such upper-endpoint
stability estimate is claimed here.

Literature-search boundary. The searches conducted for this project found self-commutator
existence and compactness criteria, forward Frobenius inequalities, mixed operator-HS commutator
bounds, and spectral-sum theory, but no prescribed-target inverse HS—HS theorem with the rank-
adaptive constant and both equality classifications. This supports the stated novelty boundary but
is not a claim of exhaustive bibliographic priority.

Al assistance. The author directed the research program, selected the theorem, reviewed the
mathematical claims, and accepts responsibility for the manuscript. OpenAl Codex assisted with
repository review, candidate comparison, algebraic exploration, literature triage, exact-arithmetic
replay, typesetting, and drafting. Al assistance does not replace the explicit proofs or the author’s
responsibility for correctness.


https://arr-research.github.io/papers/ARR-2026-1D2QV1RP1292JREW/
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